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❆❜str❛❝t✳ ❚❤✐s ✇♦r❦ ❛❞❞r❡ss❡s t❤❡ ▼❛st❡r Pr♦❞✉❝t✐♦♥ ❙❝❤❡❞✉❧✐♥❣ ♣r♦❜✲
❧❡♠ ✭▼P❙✮ ♦❢ ❛ ♣❡t ❢♦♦❞ ♠❛♥✉❢❛❝t✉r✐♥❣ ♣❧❛♥t✳ ❚❤❡ ♣r♦❞✉❝t✐♦♥ ♣r♦❝❡ss
❝♦♠♣r✐s❡s s❡✈❡r❛❧ st❛❣❡s✱ st❛rt✐♥❣ ✇✐t❤ t❤❡ ❞♦s✐♥❣ ♦❢ r❛✇ ♠❛t❡r✐❛❧s ❛♥❞
❡♥❞✐♥❣ ✇✐t❤ t❤❡ ♣❛❝❦❛❣✐♥❣ ❛♥❞ st♦r❛❣❡ ♦❢ t❤❡ ✜♥❛❧ ♣r♦❞✉❝t✳ ❚❤❡ ♣❧❛♥t ❤❛s
❛ ✜①❡❞ ♥✉♠❜❡r ♦❢ ♣r♦❞✉❝t✐♦♥ ❧✐♥❡s✱ ❜❡✐♥❣ t❤❡ ❝r✐t✐❝❛❧ ❡q✉✐♣♠❡♥t t❤❡ ❡①✲
tr✉❞❡rs ❛♥❞ ♣❛❝❦❛❣✐♥❣ ♠❛❝❤✐♥❡s ❛✈❛✐❧❛❜❧❡✳ ●✐✈❡♥ ❛ ♠❡❞✐✉♠✲t❡r♠ ❤♦r✐③♦♥
✭✸ t♦ ✺ ♠♦♥t❤s✮ ❞✐s❛❣❣r❡❣❛t❡❞ ✐♥t♦ ✇❡❡❦s✱ ❢♦r ❡❛❝❤ ❧✐♥❡ t❤❡ ♣r♦❞✉❝t✐♦♥
✈♦❧✉♠❡s ♣❡r ♣r♦❞✉❝t✱ ✇❤✐❝❤ ❛r❡ ❛ss♦❝✐❛t❡❞ t♦ ❞✐✛❡r❡♥t ❢❛♠✐❧✐❡s✱ ♠✉st
❜❡ ❞❡✜♥❡❞✳ ❆ ♠✐①❡❞✲✐♥t❡❣❡r ❧✐♥❡❛r ♠❛t❤❡♠❛t✐❝❛❧ ♠♦❞❡❧ ✭▼■▲P✮✱ ❝♦♥✲
s✐❞❡r✐♥❣ t❤❡ ♠❛✐♥ ❝♦♥str❛✐♥ts ♦❢ t❤❡ ♣r♦❜❧❡♠✱ ❝♦♠❜✐♥❡❞ ✇✐t❤ ❛ ❘♦❧❧✐♥❣
❍♦r✐③♦♥ ❛❧❣♦r✐t❤♠ t♦ s♦❧✈❡ t❤❡ ❝♦♠♣❧❡t❡ ❤♦r✐③♦♥ ❤❛s ❜❡❡♥ ❞❡✈❡❧♦♣❡❞✳
❚❤❡ ♣r♦♣♦s❡❞ ♠❡t❤♦❞♦❧♦❣② ❤❛s ❜❡❡♥ ❛♣♣❧✐❡❞ t♦ t❤❡ ▼P❙ ♣r♦❜❧❡♠ ♦❢
❛ ❧❛r❣❡✲s❝❛❧❡ ✐♥❞✉str✐❛❧ ❢❛❝✐❧✐t② t❤❛t ♣r♦❞✉❝❡s ❤✉♥❞r❡❞s ♦❢ ♣r♦❞✉❝ts ❛♥❞
❢❛♠✐❧✐❡s✳ ❇❛s❡❞ ♦♥ t❤❡ ♣r♦❜❧❡♠✬s ❞✐♠❡♥s✐♦♥s✱ ❛ ♣❛r❛♠❡t❡r ❛♥❛❧②s✐s ♦❢ t❤❡
❛❧❣♦r✐t❤♠ ❤❛s ❜❡❡♥ ♣❡r❢♦r♠❡❞ t♦ ✜♥❞ t❤❡ ❜❡st ❜❛❧❛♥❝❡ ❜❡t✇❡❡♥ t✐♠❡ ❛♥❞
s♦❧✉t✐♦♥ q✉❛❧✐t②✳ ❆s ❛ r❡s✉❧t✱ ❜② ❛♣♣❧②✐♥❣ t❤❡ ♣r♦♣♦s❡❞ ♠❡t❤♦❞♦❧♦❣② ❝♦♥✲
s✐❞❡r❛❜❧❡ ✐♠♣r♦✈❡♠❡♥ts ✇❡r❡ ♦❜t❛✐♥❡❞ r❡❣❛r❞✐♥❣ ❦❡② ✐♥❞✐❝❛t♦rs s✉❝❤ ❛s
♠✐♥✐♠✉♠ ❜❛t❝❤ s✐③❡ ♣❡r ❢❛♠✐❧②✱ ❝♦♠♣❧✐❛♥❝❡ ✇✐t❤ t❤❡ st♦❝❦ ♣♦❧✐❝②✱ ❛♥❞
s♦❧✉t✐♦♥ t✐♠❡s ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ ❝✉rr❡♥t ♠❡t❤♦❞✳
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③♦♥ ❆❧❣♦r✐t❤♠ ➲ P❡t ❋♦♦❞ ▼❛♥✉❢❛❝t✉r✐♥❣✳
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❝✐ó♥ ✭P▼P✮ ❞❡ ✉♥❛ ♣❧❛♥t❛ ❞❡ ❡❧❛❜♦r❛❝✐ó♥ ❞❡ ❛❧✐♠❡♥t♦s ♣❛r❛ ♠❛s❝♦t❛s✳
❊❧ ♣r♦❝❡s♦ ❞❡ ❢❛❜r✐❝❛❝✐ó♥ ❝♦♥s✐st❡ ❡♥ ✈❛r✐❛s ❡t❛♣❛s✱ ❝♦♠❡♥③❛♥❞♦ ❝♦♥ ❧❛
❞♦s✐✜❝❛❝✐ó♥ ❞❡ ❧❛s ♠❛t❡r✐❛s ♣r✐♠❛s ② ✜♥❛❧✐③❛♥❞♦ ❝♦♥ ❡❧ ❡♥✈❛s❛❞♦ ② ❛❧✲
♠❛❝❡♥❛♠✐❡♥t♦ ❞❡❧ ♣r♦❞✉❝t♦ ✜♥❛❧✳ ▲❛ ♣❧❛♥t❛ ❝✉❡♥t❛ ❝♦♥ ✉♥ ♥ú♠❡r♦ ✜❥♦
❞❡ ❧í♥❡❛s ❞❡ ♣r♦❞✉❝❝✐ó♥✱ s✐❡♥❞♦ ❡❧ ❡q✉✐♣❛♠✐❡♥t♦ ❝rít✐❝♦ ❧❛s ❡①tr✉s♦r❛s
② ❡♥✈❛s❛❞♦r❛s ❞✐s♣♦♥✐❜❧❡s✳ ❉❛❞♦ ✉♥ ❤♦r✐③♦♥t❡ ❞❡ ♠❡❞✐❛♥♦ ♣❧❛③♦ ✭✸ ❛ ✺
♠❡s❡s✮ ❞❡s❛❣r❡❣❛❞♦ ❡♥ s❡♠❛♥❛s✱ ♣❛r❛ ❝❛❞❛ ❧í♥❡❛ s❡ ❞❡s❡❛ ❞❡✜♥✐r ❧♦s ✈♦✲
❧ú♠❡♥❡s ❞❡ ♣r♦❞✉❝❝✐ó♥ ♣♦r ♣r♦❞✉❝t♦✱ ❧♦s ❝✉❛❧❡s s❡ ❡♥❝✉❡♥tr❛♥ ❛s♦❝✐❛❞♦s
❛ ❞✐❢❡r❡♥t❡s ❢❛♠✐❧✐❛s✳ ❙❡ ❞❡s❛rr♦❧❧ó ✉♥ ♠♦❞❡❧♦ ♠❛t❡♠át✐❝♦ ♠✐①t♦✲❡♥t❡r♦
❧✐♥❡❛❧ ✭▼■▲P✮✱ ❝♦♥s✐❞❡r❛♥❞♦ ❧❛s ♣r✐♥❝✐♣❛❧❡s r❡str✐❝❝✐♦♥❡s ❞❡❧ ♣r♦❜❧❡♠❛✱
❝♦♠❜✐♥❛❞♦ ❝♦♥ ✉♥ ❛❧❣♦r✐t♠♦ ❞❡ ❍♦r✐③♦♥t❡ ❘♦❞❛♥t❡ ♣❛r❛ ❧❛ r❡s♦❧✉❝✐ó♥
❞❡❧ ❤♦r✐③♦♥t❡ ❝♦♠♣❧❡t♦✳ ▲❛ ♠❡t♦❞♦❧♦❣í❛ ♣r♦♣✉❡st❛ ❢✉❡ ❛♣❧✐❝❛❞❛ ❛❧ ♣r♦✲
❜❧❡♠❛ ❞❡ P▼P ❞❡ ✉♥❛ ✐♥st❛❧❛❝✐ó♥ ✐♥❞✉str✐❛❧ ❞❡ ❣r❛♥ ❡s❝❛❧❛✱ q✉❡ ❡❧❛❜♦r❛
❝✐❡♥t♦s ❞❡ ♣r♦❞✉❝t♦s ② ❢❛♠✐❧✐❛s✳ ❊♥ ❜❛s❡ ❛ ❧❛s ❞✐♠❡♥s✐♦♥❡s ❞❡❧ ♣r♦❜❧❡♠❛✱
s❡ r❡❛❧✐③ó ✉♥ ❛♥á❧✐s✐s ❞❡ ♣❛rá♠❡tr♦s ❞❡❧ ❛❧❣♦r✐t♠♦ ♣❛r❛ ❡♥❝♦♥tr❛r ❡❧ ♠❡❥♦r
❜❛❧❛♥❝❡ ❡♥tr❡ t✐❡♠♣♦ ② ❝❛❧✐❞❛❞ ❞❡ ❧❛ s♦❧✉❝✐ó♥✳ ❈♦♠♦ r❡s✉❧t❛❞♦✱ ❛❧ ❛♣❧✐❝❛r
❧❛ ♠❡t♦❞♦❧♦❣í❛ ♣r♦♣✉❡st❛ s❡ ♦❜t✉✈✐❡r♦♥ ♠❡❥♦r❛s ❝♦♥s✐❞❡r❛❜❧❡s ❡♥ ❝✉❛♥t♦
❛ ✐♥❞✐❝❛❞♦r❡s ❝❧❛✈❡ ❝♦♠♦ ❧♦t❡ ♠í♥✐♠♦ ♣♦r ❢❛♠✐❧✐❛✱ ❝✉♠♣❧✐♠✐❡♥t♦ ❞❡ ❧❛
♣♦❧ít✐❝❛ ❞❡ st♦❝❦ ② t✐❡♠♣♦s ❞❡ r❡s♦❧✉❝✐ó♥ ❡♥ ❝♦♠♣❛r❛❝✐ó♥ ❝♦♥ ❡❧ ♠ét♦❞♦
✈✐❣❡♥t❡✳
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❝✐ó♥ ➲ ❍♦r✐③♦♥t❡ r♦❞❛♥t❡ ➲ ❋❛❜r✐❝❛❝✐ó♥ ❞❡ ❛❧✐♠❡♥t♦ ♣❛r❛ ♠❛s❝♦t❛s✳

✶ ■♥tr♦❞✉❝❝✐ó♥

❊♥ ❧❛ ❛❝t✉❛❧✐❞❛❞✱ ❝✉❛❧q✉✐❡r ✐♥❞✉str✐❛ ♣r♦❞✉❝t✐✈❛ ❞❡ ❝♦♥s✐❞❡r❛❜❧❡ ❡s❝❛❧❛ ❞❡❜❡
♣❧❛♥✐✜❝❛r ❝♦♥t✐♥✉❛♠❡♥t❡ ❧❛ ♣r♦❞✉❝❝✐ó♥ ❡♥ ❢✉♥❝✐ó♥ ❞❡ ❧❛ ❞❡♠❛♥❞❛ ♣r❡✈✐st❛✱ ❧❛
❝❛♣❛❝✐❞❛❞ ❞✐s♣♦♥✐❜❧❡ ② ❧♦s r❡❝✉rs♦s ♥❡❝❡s❛r✐♦s✱ ❛ ✜♥ ❞❡ ❣❛r❛♥t✐③❛r ❝✐❡rt♦ ❣r❛❞♦
❞❡ ❡✜❝✐❡♥❝✐❛ ② ❡✜❝❛❝✐❛ ❡♥ ❡❧ ❢✉♥❝✐♦♥❛♠✐❡♥t♦ ❞❡ ❧❛ ♠✐s♠❛ ❬✶✱ ❈❤❛♣t❡r ✶❪ ❬✷❪✳
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❊❧ ❝✐❝❧♦ ❞❡ ♣❧❛♥✐✜❝❛❝✐ó♥ ❞❡ ❧❛ ♣r♦❞✉❝❝✐ó♥ s❡ ❝♦♠♣♦♥❡ ❞❡ ✉♥❛ s✉❝❡s✐ó♥ ❞❡ ♣❧❛✲
♥✐✜❝❛❝✐♦♥❡s ✐♥❞✐✈✐❞✉❛❧❡s✱ ❝♦♥ ❞✐st✐♥t♦s ❤♦r✐③♦♥t❡s t❡♠♣♦r❛❧❡s✱ ❝♦♠❜✐♥❛❞❛s ❡♥tr❡
sí✳ ❉❡❜❡♥ ♠❛♥t❡♥❡rs❡ ♥✐✈❡❧❡s ❞❡ ❝❛❧✐❞❛❞ ❝♦♥s✐st❡♥t❡s ❞❡s❞❡ ❧❛s ♣❧❛♥✐✜❝❛❝✐♦♥❡s
❛❣r❡❣❛❞❛s✱ ❛s♦❝✐❛❞❛s ❛ ♦❜❥❡t✐✈♦s ❡str❛té❣✐❝♦s ❞❡ ❧❛ ❡♠♣r❡s❛✱ ❤❛st❛ s✉ ❞❡s❝♦♠♣♦✲
s✐❝✐ó♥ ❡♥ ♣r♦❣r❛♠❛❝✐♦♥❡s ♠ás ❞❡t❛❧❧❛❞❛s✱ ♦r✐❡♥t❛❞❛s ❛ ♦rq✉❡st❛r ✉♥❛ ♦♣❡r❛❝✐ó♥
♣r♦❞✉❝t✐✈❛ ❞✐❛r✐❛ ❞❡ ❝❛❧✐❞❛❞✱ ❛❧✐♥❡❛❞❛ ❛ ❞✐❝❤♦s ♦❜❥❡t✐✈♦s✳

❊st❡ tr❛❜❛❥♦ ❛❜♦r❞❛ ❡❧ ♣r♦❝❡s♦ ❞❡ Pr♦❣r❛♠❛❝✐ó♥ ▼❛❡str❛ ❞❡ ❧❛ Pr♦❞✉❝❝✐ó♥
✭P▼P✮✱ ❡❧ ❝✉❛❧ ❝♦♥s✐st❡ ❡♥ ❞❡✜♥✐r ✈♦❧ú♠❡♥❡s ❞❡ ♣r♦❞✉❝❝✐ó♥ ♣❛r❛ ❝❛❞❛ ♣r♦❞✉❝t♦
❛ ❧♦ ❧❛r❣♦ ❞❡ ✉♥ ❤♦r✐③♦♥t❡ ❞❡ ♠❡❞✐❛♥♦ ♣❧❛③♦✱ ❡♥ ❡❧ ♦r❞❡♥ ❞❡ ♠❡s❡s✱ ❝♦♥ ✉♥✐❞❛❞❡s
❞❡ t✐❡♠♣♦ ♠❡❞✐❞❛s ❡♥ s❡♠❛♥❛s✳ ❉✐❝❤❛ ♣❧❛♥✐✜❝❛❝✐ó♥ ❞❡❜❡ ❣❛r❛♥t✐③❛r s✉✜❝✐❡♥t❡
❡st❛❜✐❧✐❞❛❞ ♣❛r❛ s❡r ❡❥❡❝✉t❛❞❛ ②✱ ❛ s✉ ✈❡③✱ s✉✜❝✐❡♥t❡ ✢❡①✐❜✐❧✐❞❛❞ ♣❛r❛ ♦❜t❡♥❡r
✉♥❛ r❡s♣✉❡st❛ ❝♦♠♣❡t✐t✐✈❛ ❛♥t❡ ♣♦s✐❜❧❡s ❝❛♠❜✐♦s ❡♥ ❧❛ ❞❡♠❛♥❞❛✳

❊s♣❡❝í✜❝❛♠❡♥t❡✱ ❡❧ ♦❜❥❡t✐✈♦ ❞❡ ❡st❡ tr❛❜❛❥♦ ❝♦♥s✐st❡ ❡♥ ❞❛r s♦♣♦rt❡ ❛ ❧❛ P▼P
❡♥ ✉♥❛ ♣❧❛♥t❛ ❞❡ ♣r♦❞✉❝❝✐ó♥ ❞❡ ❛❧✐♠❡♥t♦s ♣❛r❛ ♠❛s❝♦t❛s ❞❡ ❝♦♥s✐❞❡r❛❜❧❡ ❡s❝❛❧❛✱
♠❡❞✐❛♥t❡ ✉♥ ♠ét♦❞♦ s✐st❡♠❛t✐③❛❞♦ ❝❛♣❛③ ❞❡ r❡❞✉❝✐r ❧❛ ❝❛r❣❛ ❞❡ tr❛❜❛❥♦ ❞❡ ♣❧❛♥✐✲
✜❝❛❞♦r❡s ❡s♣❡❝✐❛❧✐③❛❞♦s✳ ❊st❛ ✐♥❞✉str✐❛ ♣r❡s❡♥t❛ ❝♦♠♣❧❡❥♦s ♣r♦❝❡s♦s ♣r♦❞✉❝t✐✈♦s✱
❝♦♠♣✉❡st♦s ♣♦r ♠ú❧t✐♣❧❡s ❡t❛♣❛s q✉❡ ❞❡❜❡♥ s✐♥❝r♦♥✐③❛rs❡ ❛❞❡❝✉❛❞❛♠❡♥t❡ ♣❛r❛
s✉ ❝♦rr❡❝t♦ ❢✉♥❝✐♦♥❛♠✐❡♥t♦ ❬✸❪✳

✷ ❉❡s❝r✐♣❝✐ó♥ ❞❡❧ Pr♦❜❧❡♠❛

✷✳✶ Pr♦❝❡s♦ ② r❡❝✉rs♦s ♣r♦❞✉❝t✐✈♦s

▲❛ ❋✐❣✉r❛ ✶ ♠✉❡str❛ ❡❧ ✢✉❥♦ ❞❡ ❡t❛♣❛s ❞❡❧ ♣r♦❝❡s♦ ♣r♦❞✉❝t✐✈♦✱ ❞❡s❞❡ ❧❛s ♠❛t❡r✐❛s
♣r✐♠❛s ❤❛st❛ ❧❛ ♦❜t❡♥❝✐ó♥ ❞❡ ❧♦s ♣r♦❞✉❝t♦s ✜♥❛❧❡s✳ ❊♥ ♣♦❝❛s ♣❛❧❛❜r❛s✱ ✉♥❛ ✈❡③
q✉❡ s❡ r❡❝✐❜❡ ② ❛❧♠❛❝❡♥❛ ❧❛ ♠❛t❡r✐❛ ♣r✐♠❛ ② s❡ ✈❡r✐✜❝❛ s✉ ❝❛❧✐❞❛❞✱ ❡❧ ♣r♦❝❡s♦
♣r♦❞✉❝t✐✈♦ ❝♦♠✐❡♥③❛ ❝♦♥ ❧❛ ❞♦s✐✜❝❛❝✐ó♥ ❞❡ ❧♦s ✐♥❣r❡❞✐❡♥t❡s s❡❣ú♥ ❧❛ ❢ór♠✉❧❛ ❛
♣r♦❞✉❝✐r✳ ▲✉❡❣♦✱ t♦❞♦s ❧♦s ✐♥❣r❡❞✐❡♥t❡s s♦♥ ♠❡③❝❧❛❞♦s ♣❛r❛ ❧♦❣r❛r ❤♦♠♦❣❡♥❡✐❞❛❞✱
s❡❣✉✐❞♦ ❞❡ ✉♥ ♣r♦❝❡s♦ ❞❡ ♠♦❧✐❡♥❞❛ ❤❛st❛ ♦❜t❡♥❡r ✉♥❛ ❣r❛♥✉❧♦♠❡trí❛ ♠✉② ✜♥❛ q✉❡
❣❛r❛♥t✐❝❡ ❧❛ ❡❧❛❜♦r❛❝✐ó♥ ❞❡ ❛❧✐♠❡♥t♦s ❞❡ ❛❧t❛ ❝❛❧✐❞❛❞✳ P♦st❡r✐♦r♠❡♥t❡✱ ❧❛ ❤❛r✐♥❛
r❡s✉❧t❛♥t❡ ❡s ❛❝♦♥❞✐❝✐♦♥❛❞❛ ♠❡❞✐❛♥t❡ ❡❧ ❛❣r❡❣❛❞♦ ❞❡ ❛❣✉❛✱ ✈❛♣♦r✱ ❝♦❧♦r❛♥t❡s✱
❣r❛s❛s ② ♦tr♦s ✐♥❣r❡❞✐❡♥t❡s✱ ❧♦s ❝✉❛❧❡s s❡ s♦♠❡t❡♥ ❛ ✉♥❛ ❝♦❝❝✐ó♥ ❛ ❛❧t❛ ♣r❡s✐ó♥ ②
t❡♠♣❡r❛t✉r❛✳ ❆ ❝♦♥t✐♥✉❛❝✐ó♥✱ ♠❡❞✐❛♥t❡ ✉♥❛ ♠❛tr✐③ ② s✐st❡♠❛ ❞❡ ❝♦rt❡✱ s❡ r❡❛❧✐③❛
✉♥ ♣r♦❝❡s♦ ❞❡ ❡①tr✉s✐ó♥ ❡♥ ❞♦♥❞❡ s❡ ♦❜t✐❡♥❡ ❧❛ ❢♦r♠❛ ✜♥❛❧ ❞❡ ❧❛s ❝r♦q✉❡t❛s✳
❊st❛s ❝r♦q✉❡t❛s s❡ s❡❝❛♥✱ s❡ r❡❝✉❜r❡♥ ❝♦♥ ❞✐st✐♥t❛s ❣r❛s❛s ② s❛❜♦r✐③❛♥t❡s✱ ② s❡
❡♥❢rí❛♥ ♣❛r❛ ❡✈✐t❛r ❧❛ ❝♦♥❞❡♥s❛❝✐ó♥ ❞❡ ❛❣✉❛ ❞❡♥tr♦ ❞❡❧ ❡♠♣❛q✉❡✳ ❋✐♥❛❧♠❡♥t❡✱ s❡
❡♥✈❛s❛♥ ② ❛❧♠❛❝❡♥❛♥✳

P♦r ♦tr♦ ❧❛❞♦✱ ❧❛ ❋✐❣✉r❛ ✷ ♠✉❡str❛ ✉♥ ❡sq✉❡♠❛ s✐♠♣❧✐✜❝❛❞♦ ❞❡ ❧❛ ✐♥st❛❧❛❝✐ó♥
♣r♦❞✉❝t✐✈❛ ❛ ❝♦♥s✐❞❡r❛r✳ ▲❛ ♣❧❛♥t❛ ♣r♦❞✉❝❡ ❝✐❡♥t♦s ❞❡ ♣r♦❞✉❝t♦s p ∈ P ✱ ❛❣r✉✲
♣❛❞♦s ❡♥ ♠ás ❞❡ ✶✵✵ ❢❛♠✐❧✐❛s ❞❡ ♣r♦❞✉❝t♦ f ∈ F ✱ ❧❛s ❝✉❛❧❡s ♣✉❡❞❡♥ ♣r♦❝❡s❛rs❡
❡♥ ✉♥❛ ♦ ✈❛r✐❛s ❧í♥❡❛s ❞❡ ♣r♦❞✉❝❝✐ó♥ l ∈ L✳ ❉❡♥tr♦ ❞❡❧ ✉♥✐✈❡rs♦ ❞❡ ♣r♦❞✉❝t♦s
❛ ❝♦♥s✐❞❡r❛r✱ ❡①✐st❡ ✉♥ s✉❜❣r✉♣♦ ❞❡ ♣r♦❞✉❝t♦s Pd ❝♦♥♦❝✐❞♦s ❝♦♠♦ ♣r♦❞✉❝t♦s
✏❞r✐✈❡rs✑✱ ❧♦s ❝✉❛❧❡s r❡♣r❡s❡♥t❛♥ ❛❧r❡❞❡❞♦r ❞❡❧ ✽✵✪ ❞❡❧ ✈♦❧✉♠❡♥ t♦t❛❧ ❞❡ ✈❡♥✲
t❛s✳ ▲❛ ♣r♦❞✉❝❝✐ó♥ ❞❡ ❧♦s ♠✐s♠♦s t❡♥❞rá ♣r✐♦r✐❞❛❞ s♦❜r❡ ❧♦s ❞❡♠ás ♣r♦❞✉❝t♦s✱
❡s♣❡❝✐❛❧♠❡♥t❡ ♣❛r❛ ❡✈✐t❛r ❢❛❧t❛♥t❡s ❞❡ st♦❝❦✳
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❋✐❣✉r❛ ✶✿ ❉✐❛❣r❛♠❛ ❞❡ ✢✉❥♦ ❞❡❧ ♣r♦❝❡s♦ ♣r♦❞✉❝t✐✈♦
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❋✐❣✉r❛ ✷✿ ❉✐❛❣r❛♠❛ s✐♠♣❧✐✜❝❛❞♦ ❞❡ ❧❛ ❡str✉❝t✉r❛ ♣r♦❞✉❝t✐✈❛

❊❧ ❡q✉✐♣❛♠✐❡♥t♦ ❝rít✐❝♦ ❞❡ ❧❛ ✐♥st❛❧❛❝✐ó♥ s♦♥ ❧❛s ♠áq✉✐♥❛s ❞❡ ❡①tr✉s✐ó♥ ② ❞❡
❡♥✈❛s❛❞♦✳ ❈❛❞❛ ❧í♥❡❛ ❝✉❡♥t❛ ❝♦♥ ✉♥ ❝♦♥❥✉♥t♦ ✜❥♦ ❞❡ ❡①tr✉s♦r❛s ✭❡♥tr❡ ✶ ② ✺✮ q✉❡
❡♥ ❣❡♥❡r❛❧ ❞❡t❡r♠✐♥❛♥ ❧❛ ✈❡❧♦❝✐❞❛❞ ❞❡ ❞✐❝❤❛ ❧í♥❡❛✱ ② ✉♥❛ ❛s✐❣♥❛❝✐ó♥ ❞✐♥á♠✐❝❛ ❞❡
❡♥✈❛s❛❞♦r❡s s❡❣ú♥ ❧❛s ♥❡❝❡s✐❞❛❞❡s ❞❡ ♣r♦❞✉❝❝✐ó♥✳

▲♦s ♣r♦❞✉❝t♦s ✜♥❛❧❡s p ∈ P s❡ ❝❧❛s✐✜❝❛♥ s❡❣ú♥ s✉ ❢♦r♠❛t♦ ❡♥ ✏❜♦❧s❛ ❝❤✐❝❛✑
✭PBC ✕ ❝♦♥ ❞✐st✐♥t❛s ❝❛♣❛❝✐❞❛❞❡s ❡♥tr❡ ✵✱✺ ② ✸ ❦❣✮ ② ✏❜♦❧s❛ ❣r❛♥❞❡✑ ✭PBG ✕ ❡♥tr❡
✻ ② ✷✹ ❦❣✮✱ ❝♦♥t❛♥❞♦ ❝♦♥ ❡♥✈❛s❛❞♦r❛s ❡s♣❡❝í✜❝❛s ♣❛r❛ ❝❛❞❛ ❢♦r♠❛t♦✳ ❆✉♥q✉❡
❧❛s ❡♥✈❛s❛❞♦r❛s ❞✐s♣♦♥✐❜❧❡s s❡ ❛s✐❣♥❛♥ ❡♥ ❢♦r♠❛ ❤♦♠♦❣é♥❡❛ ❛ ❧❛s ❞✐st✐♥t❛s ❧í♥❡❛s
✭❤❛❜✐t✉❛❧♠❡♥t❡ ✸ ❡♥✈❛s❛❞♦r❛s ♣♦r ❧í♥❡❛✮✱ ❞✐❝❤❛ ❛s✐❣♥❛❝✐ó♥ ♥♦ ❡s ✜❥❛ ② ❡①✐st❡
✉♥ ♠❛r❣❡♥ ♣❛r❛ r❡❞✐str✐❜✉✐r ❧❛s ♠✐s♠❛s ♣♦st❡r✐♦r♠❡♥t❡ ❡♥ ❧❛ ♣r♦❣r❛♠❛❝✐ó♥ ❞❡
❞❡t❛❧❧❡✳ ▲❛ ♣❧❛♥t❛ ❝✉❡♥t❛ ❡♥ t♦t❛❧ ❝♦♥ ✶✻ ❡①tr✉s♦r❛s ② ✶✷ ❡♥✈❛s❛❞♦r❛s ✭✽ ❢♦r♠❛t♦
✏❜♦❧s❛ ❣r❛♥❞❡✑ ② ✹ ❢♦r♠❛t♦ ✏❜♦❧s❛ ❝❤✐❝❛✑✮✳

✷✳✷ Pr✐♥❝✐♣❛❧❡s r❡str✐❝❝✐♦♥❡s ❛ ❝♦♥s✐❞❡r❛r

❆ ❝♦♥t✐♥✉❛❝✐ó♥ s❡ ❞✐s❝✉t❡♥ ❧❛s ♣r✐♥❝✐♣❛❧❡s r❡str✐❝❝✐♦♥❡s r❡q✉❡r✐❞❛s ♣❛r❛ ❧❛ ♣❧❛✲
♥✐✜❝❛❝✐ó♥ ❛❣r❡❣❛❞❛✱ ② ❧❛s s✉♣♦s✐❝✐♦♥❡s ♦ s✐♠♣❧✐✜❝❛❝✐♦♥❡s ❝♦♥s✐❞❡r❛❞❛s ❡♥ ❝❛❞❛
❝❛s♦ ♣❛r❛ ♠♦❞❡❧❛r ❡❧ ♣r♦❜❧❡♠❛✳

❆s✐❣♥❛❝✐ó♥ ❞❡ ❢❛♠✐❧✐❛s ❛ ❧í♥❡❛s✳ ❉❛❞♦ q✉❡ ❛❧❣✉♥❛s ❢❛♠✐❧✐❛s ❞❡ ♣r♦❞✉❝t♦
♣✉❡❞❡♥ ❡❧❛❜♦r❛rs❡ ❡♥ ♠ás ❞❡ ✉♥❛ ❧í♥❡❛ ❞❡ ♣r♦❞✉❝❝✐ó♥✱ ❡st❛ ❛s✐❣♥❛❝✐ó♥ r❡♣r❡s❡♥t❛
✉♥❛ ❞❡❝✐s✐ó♥ ❛ ❝♦♥s✐❞❡r❛r ♣♦r ❡❧ ♠♦❞❡❧♦✳ ❆✉♥q✉❡ ❡s ♣♦s✐❜❧❡ ❛s✐❣♥❛r ❧❛ ♠✐s♠❛
❢❛♠✐❧✐❛ ❛ ♠ás ❞❡ ✉♥❛ ❧í♥❡❛ ❞❡ ♣r♦❞✉❝❝✐ó♥ ❡♥ ❧❛ ♠✐s♠❛ s❡♠❛♥❛✱ ❞❡s❞❡ ❧❛ ❡♠♣r❡s❛
s❡ r❡str✐♥❣❡ ❞✐❝❤❛ ❛s✐❣♥❛❝✐ó♥ ❛ ✉♥❛ s♦❧❛ ❧í♥❡❛ ❞❡ ♣r♦❞✉❝❝✐ó♥ ♣♦r ❢❛♠✐❧✐❛ ♣♦r
s❡♠❛♥❛✱ ❝♦♥ ❡❧ ✜♥ ❞❡ ❛❝♦t❛r ❧❛ ❞✐✜❝✉❧t❛❞ ❝♦♠❜✐♥❛t♦r✐❛ ❞❡❧ ♠♦❞❡❧♦ r❡s✉❧t❛♥t❡✳

J. Cusimano et al, Prog. Maestra de Prod. Planta Alim. p/Mascotas mediante Met.Optimización, EJS 22 (1) 2023 186-205 190



❈❛♣❛❝✐❞❛❞ ❞❡ ♣r♦❞✉❝❝✐ó♥ ♣♦r ❧í♥❡❛✳ ▲❛ ❝❛♣❛❝✐❞❛❞ ♣r♦❞✉❝t✐✈❛ ❞❡ ✉♥❛ ❧í♥❡❛
❡♥ ✉♥❛ s❡♠❛♥❛ ❞❛❞❛ ❞❡❧ ❤♦r✐③♦♥t❡ ❞❡♣❡♥❞❡ t❛♥t♦ ❞❡ ❧❛s ❤♦r❛s ❞❡ ♣r♦❞✉❝❝✐ó♥
❞✐s♣♦♥✐❜❧❡s ❝♦♠♦ ❞❡ ❧❛ t❛s❛ ❞❡ ♣r♦❞✉❝❝✐ó♥ ❞❡ ❧❛ ❧í♥❡❛✱ ❧❛ ❝✉❛❧ ❛ s✉ ✈❡③ ✈❛rí❛
s❡❣ú♥ ❡❧ ✏♠✐①✑ ❞❡ ♣r♦❞✉❝t♦s ❛s✐❣♥❛❞♦s✳ P♦r ✉♥ ❧❛❞♦✱ ❧❛s ❤♦r❛s ❞❡ ♣r♦❞✉❝❝✐ó♥ ❞✐s✲
♣♦♥✐❜❧❡s ♣♦r ❧í♥❡❛ ② ♣♦r s❡♠❛♥❛ r❡s✉❧t❛♥ ❞❡ ❞❡s❝♦♥t❛r ❛ ❞✐❝❤♦ ♣❡rí♦❞♦ ❧♦s t✉r♥♦s
❞❡ ❧✐♠♣✐❡③❛ ② ❛rr❛♥q✉❡✱ ♣❛r❛❞❛s ❞❡ ♠❛♥t❡♥✐♠✐❡♥t♦ ♣r♦❣r❛♠❛❞♦✱ ❞í❛s ❢❡r✐❛❞♦s✱
❡t❝✳ P♦r ♦tr♦ ❧❛❞♦✱ ❝♦♠♦ ❛❧t❡r♥❛t✐✈❛ ❛❧ ♠♦❞❡❧❛❞♦ ❡①❛❝t♦ ❞❡ t❛s❛s ♣r♦❞✉❝t✐✈❛s
♣♦r ♣r♦❞✉❝t♦ ❡♥ ❝❛❞❛ ❧í♥❡❛✱ s❡ ❡♠♣❧❡❛♥ ✈❡❧♦❝✐❞❛❞❡s ❡stá♥❞❛r❡s ❞✐s♣✉❡st❛s ♣♦r
❧❛ ❡♠♣r❡s❛ ❞❡ ❡♥tr❡ ✺✱ ✻ ② ✶✵ t♥✴❤r ♣❛r❛ ❝❛❞❛ ✉♥❛ ❞❡ ❧❛s ❧í♥❡❛s ❞❡ ♣r♦❞✉❝❝✐ó♥✳
❊st❛s ✈❡❧♦❝✐❞❛❞❡s s♦♥ ✐♥❞❡♣❡♥❞✐❡♥t❡s ❞❡ ❧♦s ♣r♦❞✉❝t♦s✱ ❝♦♥s✐❞❡r❛♥ t♦❞❛s ❧❛s ❡t❛✲
♣❛s ♣r❡✈✐❛s ❛❧ ❡♥✈❛s❛❞♦ ② t✐❡♥❡♥ ❡♥ ❝✉❡♥t❛ ❧❛ ♣♦s✐❜❧❡ ♦❝✉rr❡♥❝✐❛ ❞❡ ♣❛r♦s ♥♦
♣❧❛♥✐✜❝❛❞♦s ♠❡❞✐❛♥t❡ ✉♥ ❢❛❝t♦r ❞❡ ❡✜❝✐❡♥❝✐❛ ❡s♣❡❝í✜❝♦✳

❋✐♥❛❧♠❡♥t❡✱ ❡♥ ❜❛s❡ ❛ ❞✐❝❤❛s ✈❡❧♦❝✐❞❛❞❡s ❡stá♥❞❛r❡s ♣♦r ❧í♥❡❛ ② ❧❛s ❤♦r❛s ❞❡
♣r♦❞✉❝❝✐ó♥ ❞✐s♣♦♥✐❜❧❡s ♣♦r s❡♠❛♥❛✱ s❡ ❝❛❧❝✉❧❛♥ ❧í♠✐t❡s ❞❡ ❝❛♣❛❝✐❞❛❞ s❡♠❛♥❛❧
qmax
lt ♣♦r ❧í♥❡❛ ❛ r❡s♣❡t❛r✳

❈❛♣❛❝✐❞❛❞ ❞❡ ❡♥✈❛s❛❞♦✳ ❉❡s❞❡ ❧❛ ♣❧❛♥✐✜❝❛❝✐ó♥ ❞❡❜❡ ❛s❡❣✉r❛rs❡ q✉❡ t♦❞♦ ❧♦
♣r♦❞✉❝✐❞♦ s❡❛ ✐♥♠❡❞✐❛t❛♠❡♥t❡ ❡♥✈❛s❛❞♦✱ ❞❡❜✐❞♦ ❛ q✉❡ ❧❛s ❧í♥❡❛s ❝✉❡♥t❛♥ ❝♦♥
✉♥ ❛❧♠❛❝❡♥❛♠✐❡♥t♦ ✐♥t❡r♠❡❞✐♦ ❡①tr❡♠❛❞❛♠❡♥t❡ ❧✐♠✐t❛❞♦ ❡♥tr❡ ❞✐❝❤❛s ❡t❛♣❛s✳
❆❧ r❡s♣❡❝t♦✱ ❧❛ ❝❛♣❛❝✐❞❛❞ ❞❡ ❡♥✈❛s❛❞♦ ❞❡♣❡♥❞❡ ❢✉♥❞❛♠❡♥t❛❧♠❡♥t❡ ❞❡ ❧❛ t❛s❛ ❞❡
❡♥✈❛s❛❞♦✱ ❧❛ ❝✉❛❧ ❞❡❝r❡❝❡ ❛ ♠❡❞✐❞❛ q✉❡ ❞✐s♠✐♥✉②❡ ❡❧ t❛♠❛ñ♦ ❞❡ ❜♦❧s❛✱ ❞❛❞♦ q✉❡
s❡ ❞❡❜❡♥ ❝♦♠♣❧❡t❛r ♠ás ❡♥✈❛s❡s ♣♦r t♦♥❡❧❛❞❛ ❞❡ ♣r♦❞✉❝t♦✳ P♦r ❧♦ t❛♥t♦✱ s✐ s❡
♣❧❛♥✐✜❝❛♥ ❡❧❡✈❛❞❛s ♣r♦♣♦r❝✐♦♥❡s ❞❡ ♣r♦❞✉❝t♦s ❝♦♥ ❢♦r♠❛t♦ ❜♦❧s❛ ❝❤✐❝❛ ❡♥ ✉♥❛
s❡♠❛♥❛ ❞❛❞❛✱ ❧❛ ❡t❛♣❛ ❞❡ ❡♥✈❛s❛❞♦ ❤❛rá ❞❡ ❝✉❡❧❧♦ ❞❡ ❜♦t❡❧❧❛ r❛❧❡♥t✐③❛♥❞♦ ❧❛ t❛s❛
❞❡ ♣r♦❞✉❝❝✐ó♥ ❣❧♦❜❛❧ ❞❡❧ ♣r♦❝❡s♦ ② ♣♦♥✐❡♥❞♦ ❡♥ r✐❡s❣♦ ❧❛ ❢❛❝t✐❜✐❧✐❞❛❞ ❞❡ ♣r♦❞✉✲
❝✐r ❧♦s ✈♦❧ú♠❡♥❡s ♣❧❛♥✐✜❝❛❞♦s✳ ❊♥ ❡st❡ s❡♥t✐❞♦✱ ❝♦♥ ❡❧ ✜♥ ❞❡ ❣❛r❛♥t✐③❛r ❞✐❝❤❛
❢❛❝t✐❜✐❧✐❞❛❞✱ s❡ ❞❡✜♥❡ ❡①♣❡r✐♠❡♥t❛❧♠❡♥t❡ ❞❡s❞❡ ❧❛ ❡♠♣r❡s❛ ✉♥ ❧í♠✐t❡ ♠á①✐♠♦ s❡✲
♠❛♥❛❧ ❞❡ ♣r♦❞✉❝❝✐ó♥ ❝♦♥ ❢♦r♠❛t♦ ✏❜♦❧s❛ ❝❤✐❝❛✑ capBC

t ✱ q✉❡ r♦♥❞❛ ❧❛s ✶✵✵ t♥✴❞í❛
② r❡♣r❡s❡♥t❛ ✉♥ ✶✻✪✲✷✵✪ ❞❡❧ ✈♦❧✉♠❡♥ t♦t❛❧ ❝❛♣❛③ ❞❡ ♣r♦❞✉❝✐rs❡ ❡♥ ❧❛ s❡♠❛♥❛✳

❈❛♠❜✐♦s ❞❡ ❢ór♠✉❧❛s✳ ▲♦s ❝❛♠❜✐♦s ❞❡ ❢ór♠✉❧❛s ♦ ✏❝❤❛♥❣❡♦✈❡rs✑ ❛❧ ♣❛s❛r ❞❡
♣r♦❞✉❝✐r ✉♥❛ ❢❛♠✐❧✐❛ ❞❡ ♣r♦❞✉❝t♦ ❛ ♦tr❛ ✐♠♣❧✐❝❛♥ ❧✐♠♣✐❡③❛s ② ♠♦❞✐✜❝❛❝✐♦♥❡s✱
❢✉♥❞❛♠❡♥t❛❧♠❡♥t❡ ❡♥ ❧❛ ❡t❛♣❛ ❞❡ ❡①tr✉s✐ó♥✱ q✉❡ ❝♦♥s✉♠❡♥ ❛♣r♦①✐♠❛❞❛♠❡♥t❡
✶ ❤♦r❛ ♣r♦❞✉❝t✐✈❛ ❡♥ ❧❛ ❧í♥❡❛ ✐♥✈♦❧✉❝r❛❞❛✳ ▲❛ ❡♠♣r❡s❛ ❝✉❡♥t❛ ❝♦♥ ❛♥á❧✐s✐s ❡❝♦✲
♥ó♠✐❝♦s ♣r❡✈✐♦s q✉❡ ❞❡✜♥❡♥ ❧❛s ❝❛♥t✐❞❛❞❡s ❞❡ ❝❛♠❜✐♦s ❞❡ ❢ór♠✉❧❛ ❛ ♣❛rt✐r ❞❡
❧❛s ❝✉❛❧❡s ❧♦s ❝♦st♦s ❛s♦❝✐❛❞♦s s❡ ❡❧❡✈❛♥ ❡①♣♦♥❡♥❝✐❛❧♠❡♥t❡✳ ❊♥ ❝♦♥s❡❝✉❡♥❝✐❛✱ s❡
❞❡✜♥❡ ❝♦♠♦ comax

l ❛❧ ❧í♠✐t❡ ♠á①✐♠♦ ❞❡❧ ♥ú♠❡r♦ ❞❡ ✏❝❤❛❣❡♦✈❡rs✑ ♣❛r❛ ❝❛❞❛ ❧í♥❡❛
❞❡ ♣r♦❞✉❝❝✐ó♥ ❡♥ ❝❛❞❛ s❡♠❛♥❛ ✭❛❞♠✐t✐❡♥❞♦ ❡♥tr❡ ✻ ② ✶✶ ❢❛♠✐❧✐❛s ♣♦r ❧í♥❡❛ ❝❛❞❛
s❡♠❛♥❛✮✱ s✐♠♣❧✐✜❝❛♥❞♦ ❛sí ❡❧ ♠♦❞❡❧❛❞♦ ❞❡ ❝♦st♦s ❝♦♥✈❡♥❝✐♦♥❛❧ ❡♥ ❡st❡ ❛♣❛rt❛❞♦✳

▲♦t❡ ♠í♥✐♠♦ ♣♦r ❢❛♠✐❧✐❛✳ P❛r❛ ❝❛❞❛ ❢❛♠✐❧✐❛ ❞❡ ♣r♦❞✉❝t♦✱ s❡ ❞❡✜♥❡ ✉♥ ❧♦t❡
♠í♥✐♠♦ ❞❡ ♣r♦❞✉❝❝✐ó♥ lmin

f ✱ ❡♥ t♦♥❡❧❛❞❛s ❞❡ ♣r♦❞✉❝t♦✱ ♣♦r ❞❡❜❛❥♦ ❞❡❧ ❝✉❛❧ ♥♦
r❡s✉❧t❛ ❝♦♥✈❡♥✐❡♥t❡ ♣r♦❞✉❝✐r✳ ❆❧ ✐❣✉❛❧ q✉❡ ❧❛ r❡str✐❝❝✐ó♥ ❛♥t❡r✐♦r✱ ❡st♦ s✉r❣❡ ❞❡
✉♥ ❛♥á❧✐s✐s ❡❝♦♥ó♠✐❝♦ ♣r❡✈✐♦ ❧❧❡✈❛❞♦ ❛ ❝❛❜♦ ♣♦r ❧❛ ❡♠♣r❡s❛✳
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P♦❧ít✐❝❛ ❞❡ ❙t♦❝❦✳ ▲❛ ♣♦❧ít✐❝❛ ❞❡ st♦❝❦ ❞❡ ❧❛ ❡♠♣r❡s❛ s❡ ❢♦r♠✉❧❛ ♠❡❞✐❛♥t❡
✏♥✐✈❡❧❡s ❞❡ ❝♦❜❡rt✉r❛✑✱ ❡♥ ❞í❛s✱ ❞❡ ❝❛❞❛ ♣r♦❞✉❝t♦ ❡♥ ❝❛❞❛ s❡♠❛♥❛ ❞❡❧ ❤♦r✐③♦♥t❡✳
❊st♦ ❡s✱ ♣❛rt✐❡♥❞♦ ❞❡❧ ♥✐✈❡❧ ❞❡ st♦❝❦ ✜♥❛❧ SFpt ❞❡ ✉♥ ♣r♦❞✉❝t♦ p ❡♥ ❧❛ s❡♠❛♥❛
t✱ s❡ ❝❛❧❝✉❧❛ ❧❛ ❝❛♥t✐❞❛❞ ❞❡ ❞í❛s ❛ ❢✉t✉r♦ q✉❡ ❞✐❝❤♦ st♦❝❦ ♣✉❡❞❡ ❝✉❜r✐r ❞❡ ❧❛
❞❡♠❛♥❞❛ ♣r❡✈✐st❛ dpt✱ ♦❜t❡♥✐❡♥❞♦ ❛sí s✉ ✏♥✐✈❡❧ ❞❡ ❝♦❜❡rt✉r❛✑✳ ▲✉❡❣♦✱ ❡st♦s ♥✐✈❡✲
❧❡s s❡ ❝♦♥tr❛st❛♥ ❝♦♥ ❧♦s ✈❛❧♦r❡s ❧í♠✐t❡ ② ❧♦s ♦❜❥❡t✐✈♦s ❞❡ ❝♦❜❡rt✉r❛ ✜❥❛❞♦s ♣♦r
❧❛ ❡♠♣r❡s❛ ❡s♣❡❝í✜❝❛♠❡♥t❡ ♣❛r❛ ❝❛❞❛ ♣r♦❞✉❝t♦✳ ❊♥ ❡st❡ s❡♥t✐❞♦✱ ❡❧ ♣❛rá♠❡tr♦
cobquiebrep ✐♥❞✐❝❛ ❡❧ ♥✐✈❡❧ ♠ás ❝rít✐❝♦ ❞❡ ❝♦❜❡rt✉r❛ ❛ ♣❛rt✐r ❞❡❧ ❝✉❛❧ ♥♦ s❡ ♣✉❡❞❡♥

❛t❡♥❞❡r ♥✉❡✈♦s ♣❡❞✐❞♦s ❞❡ ♣r♦❞✉❝t♦ p✱ ❡❧ ♣❛rá♠❡tr♦ cobmin
p ✐♥❞✐❝❛ ❡❧ ♠í♥✐♠♦

♥✐✈❡❧ ❞❡s❡❛❞♦ ❞❡ ❝♦❜❡rt✉r❛✱ ❡♥ ❞í❛s✱ ❞❡❧ ♣r♦❞✉❝t♦ p✱ ② ♣♦r ✉❧t✐♠♦✱ ❡❧ ♣❛rá♠❡tr♦
cobobjp ✐♥❞✐❝❛ ❡❧ ♦❜❥❡t✐✈♦ ❞❡ ❝♦❜❡rt✉r❛ ❛ ♣❡rs❡❣✉✐r ♣❛r❛ ❡❧ ♣r♦❞✉❝t♦ p✳

P❛r❛ ♠♦❞❡❧❛r ❞✐❝❤❛s ❝♦❜❡rt✉r❛s s❡ ❛❝♦r❞ó ❝♦♥✈❡rt✐r ❧♦s ♥✐✈❡❧❡s ❧í♠✐t❡s ❞❡s✲
❝r✐t♦s✱ ❡♥ ❞í❛s✱ ❛ ♥✐✈❡❧❡s ❞❡ st♦❝❦s ❡q✉✐✈❛❧❡♥t❡s ✭squiebrept ✱ smin

pt ② sobjpt ✱ r❡s♣❡❝t✐✈❛✲
♠❡♥t❡✮✱ ❡♥ t♦♥❡❧❛❞❛s✱ ♣❛r❛ ❝❛❞❛ ♣r♦❞✉❝t♦ ❡♥ ❝❛❞❛ s❡♠❛♥❛✱ ❞❡ t❛❧ ♠❛♥❡r❛ q✉❡
❢✉❡s❡♥ ❞✐r❡❝t❛♠❡♥t❡ ❝♦♠♣❛r❛❜❧❡s ❝♦♥ ❧♦s ♥✐✈❡❧❡s ❞❡ ✐♥✈❡♥t❛r✐♦ ❞❡ ❞✐❝❤♦ ♣r♦❞✉❝t♦
❡♥ ❞✐❝❤❛ s❡♠❛♥❛✳ ❊st♦s ♣❛rá♠❡tr♦s s❡ ❞❡✜♥❡♥ ❡♥ ❜❛s❡ ❛ ❧❛s ❞❡♠❛♥❞❛s s❡♠❛♥❛❧❡s
❞❡ ❝❛❞❛ ♣r♦❞✉❝t♦ dpt ② ❧❛s ❝♦❜❡rt✉r❛s ♣r❡✈✐❛♠❡♥t❡ ✐♥❞✐❝❛❞❛s✳

✸ ❋♦r♠✉❧❛❝✐ó♥ ▼❛t❡♠át✐❝❛

❊♥ ❡st❡ tr❛❜❛❥♦ s❡ ✐♥tr♦❞✉❝❡ ✉♥ ♠♦❞❡❧♦ ♠✐①t♦✲❡♥t❡r♦ ❧✐♥❡❛❧ ✭▼■▲P✮ r❡♣r❡s❡♥✲
t❛t✐✈♦ ❞❡❧ ♣r♦❜❧❡♠❛ ❜❛❥♦ ❡st✉❞✐♦✳ ❙✉♠❛❞♦ ❛ ❞✐❝❤♦ ♠♦❞❡❧♦✱ ♣❛r❛ s✉ ♣♦st❡r✐♦r
r❡s♦❧✉❝✐ó♥✱ s❡ ♣r❡s❡♥t❛ ✉♥ ♠ét♦❞♦ ❞❡ ❞❡s❝♦♠♣♦s✐❝✐ó♥ ❜❛s❛❞♦ ❡♥ ✉♥ ❛❧❣♦r✐t♠♦
❞❡ ❤♦r✐③♦♥t❡ r♦❞❛♥t❡ ❬✹❪✱ ❝♦♥ ❡❧ ✜♥ ❞❡ r❡❞✉❝✐r ❧❛ ❝♦♠♣❧❡❥✐❞❛❞ ❝♦♠❜✐♥❛t♦r✐❛ ② ❧♦✲
❣r❛r s♦❧✉❝✐♦♥❡s ❞❡ ❝❛❧✐❞❛❞✱ ❡♥ t✐❡♠♣♦s s✉✜❝✐❡♥t❡♠❡♥t❡ ❛❝♦t❛❞♦s ❛ ❧❛s ♥❡❝❡s✐❞❛❞❡s
r❡❛❧❡s ❞❡❧ ♣r♦❜❧❡♠❛✳

✸✳✶ ❱❛r✐❛❜❧❡s

▲❛s ♣r✐♥❝✐♣❛❧❡s ✈❛r✐❛❜❧❡s ❞❡ ❞❡❝✐s✐ó♥ ❞❡❧ ♠♦❞❡❧♦ ♠❛t❡♠át✐❝♦ ♣❛r❛ ❝❛❞❛ ♣❡rí♦❞♦
❞❡ t✐❡♠♣♦ t ✭s❡♠❛♥❛s✮ s♦♥ ❧❛ ❛s✐❣♥❛❝✐ó♥ ❞❡ ❢❛♠✐❧✐❛s ❛ ❧í♥❡❛s✱ ❡❧ ✈♦❧✉♠❡♥ ❞❡
♣r♦❞✉❝❝✐ó♥ ❞❡ ❝❛❞❛ ♣r♦❞✉❝t♦ ❡♥ ❝❛❞❛ ❧í♥❡❛ ② ❧♦s ♥✐✈❡❧❡s ❞❡ ✐♥✈❡♥t❛r✐♦✳ ▲❛ ✈❛r✐❛❜❧❡
❜✐♥❛r✐❛ Wflt r❡♣r❡s❡♥t❛ ❧❛ ❛s✐❣♥❛❝✐ó♥ ❞❡ ❧❛ ❢❛♠✐❧✐❛ f ∈ F ❛ ❧❛ ❧í♥❡❛ l ∈ L ❡♥ ❡❧
♣❡rí♦❞♦ t ∈ T ✱ ② s❡ ✐♥t❡r♣r❡t❛rá ❞❡❧ s✐❣✉✐❡♥t❡ ♠♦❞♦✿

Wflt =

{

1 ✱ s✐ ❧❛ ❢❛♠✐❧✐❛ f s❡ ♣r♦❞✉❝❡ ❡♥ ❧❛ ❧í♥❡❛ l ❡♥ ❡❧ t✐❡♠♣♦ t❀

0 ✱ ❡♥ ❝❛s♦ ❝♦♥tr❛r✐♦✳

P❛r❛ ❝❛❞❛ s❡♠❛♥❛ t✱ ❡❧ ✈♦❧✉♠❡♥ ❞❡ ♣r♦❞✉❝❝✐ó♥ ❞❡❧ ♣r♦❞✉❝t♦ p ❡♥ ❧❛ ❧í♥❡❛ l
s❡ r❡♣r❡s❡♥t❛ ❝♦♥ ❧❛ ✈❛r✐❛❜❧❡ Qplt✱ ② ❡❧ ♥✐✈❡❧ ❞❡ ✐♥✈❡♥t❛r✐♦ ❞❡ ❞✐❝❤♦ ♣r♦❞✉❝t♦ ❛❧
✜♥❛❧ ❞❡❧ ♣❡rí♦❞♦ t s❡ ♠♦❞❡❧❛ ♠❡❞✐❛♥t❡ ❧❛ ✈❛r✐❛❜❧❡ SFpt✳ ❆♠❜❛s ✈❛r✐❛❜❧❡s s♦♥
❝♦♥t✐♥✉❛s ♥♦✲♥❡❣❛t✐✈❛s ② ❤❛❜✐t✉❛❧♠❡♥t❡ s❡ ♠❡❞✐rá♥ ❡♥ t♦♥❡❧❛❞❛s ❞❡ ♣r♦❞✉❝t♦✳

Qplt ∈ R
+
0 , SFpt ∈ R

+
0
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❆❞❡♠ás ❞❡ ❧❛s ✈❛r✐❛❜❧❡s ❞❡ ❞❡❝✐s✐ó♥ ♠❡♥❝✐♦♥❛❞❛s✱ s❡ ✐♥❝♦r♣♦r❛♥ ✈❛r✐❛❜❧❡s
❝♦♥t✐♥✉❛s ♥♦✲♥❡❣❛t✐✈❛s ❛✉①✐❧✐❛r❡s q✉❡ s❡rá♥ ✉t✐❧✐③❛❞❛s ♣❛r❛ ❧❛ ❢♦r♠✉❧❛❝✐ó♥ ❞❡ ❧❛
❢✉♥❝✐ó♥ ♦❜❥❡t✐✈♦✳ ❊st❛s ✈❛r✐❛❜❧❡s r❡♣r❡s❡♥t❛♥ ❧❛s ❞✐❢❡r❡♥❝✐❛s ❡♥tr❡ ❧♦s ♥✐✈❡❧❡s ❞❡
✐♥✈❡♥t❛r✐♦ ♦❜t❡♥✐❞♦s ♣♦r ❡❧ ♠♦❞❡❧♦ ✭SFpt✮ ② ❛q✉❡❧❧♦s ♣❧❛♥t❡❛❞♦s ❝♦♠♦ ♦❜❥❡t✐✈♦✱
♠í♥✐♠♦ ② q✉✐❡❜r❡✱ ♣❛r❛ ❝❛❞❛ ♣r♦❞✉❝t♦ ② ♣❡rí♦❞♦ ❞❡ t✐❡♠♣♦ t✳

Dobj
pt = ❉✐❢❡r❡♥❝✐❛ ❡♥tr❡ sobjpt ② SFpt

Dmin
pt = ❉✐❢❡r❡♥❝✐❛ ❡♥tr❡ smin

pt ② SFpt

Dquiebre
pt = ❉✐❢❡r❡♥❝✐❛ ❡♥tr❡ squiebrept ② SFpt







∀p ∈ P, t ∈ T

Dobj
pt , Dmin

pt , Dquiebre
pt ∈ R

+
0

✸✳✷ ❘❡str✐❝❝✐♦♥❡s

❆s✐❣♥❛❝✐ó♥ ❞❡ ❢❛♠✐❧✐❛s ❞❡ ♣r♦❞✉❝t♦ ❛ ❧í♥❡❛s ❞❡ ♣r♦❞✉❝❝✐ó♥✳ ❚❡♥✐❡♥❞♦
❡♥ ❝✉❡♥t❛ ❧❛s ❧í♥❡❛s ❞❡ ♣r♦❞✉❝❝✐ó♥ Lf ❞✐s♣♦♥✐❜❧❡s ♣❛r❛ ♣r♦❝❡s❛r ❝❛❞❛ ❢❛♠✐❧✐❛
❞❡ ♣r♦❞✉❝t♦s f ✱ ❡♥ ❝❛❞❛ ♣❡rí♦❞♦ t s❡ ❞❡❜❡ ❛s❡❣✉r❛r q✉❡✱ ❡♥ ❝❛s♦ ❞❡ ❛s✐❣♥❛rs❡
♣r♦❞✉❝❝✐ó♥✱ ❞✐❝❤❛ ❢❛♠✐❧✐❛ s❡❛ ❛s✐❣♥❛❞❛ ❛ ✉♥❛ ② s♦❧♦ ✉♥❛ ❞❡ ❧❛s ❧í♥❡❛s ♣♦s✐❜❧❡s✳

∑

l∈Lf

Wflt ≤ 1 ∀f ∈ F, t ∈ T ✭✶✮

▼á①✐♠♦ ❞❡ ❝❤❛♥❣❡♦✈❡rs ♣♦r ❧í♥❡❛✳ ❯♥❛ ❧í♥❡❛ ❞❡ ♣r♦❞✉❝❝✐ó♥ l ♣✉❡❞❡ ♣r♦✲
❝❡s❛r ♠ú❧t✐♣❧❡s ❢❛♠✐❧✐❛s ❞❡ ♣r♦❞✉❝t♦ Fl✳ ❙❡ ❞❡❜❡ ❛s❡❣✉r❛r q✉❡ ❧❛ ❝❛♥t✐❞❛❞ ❞❡
❢❛♠✐❧✐❛s ♣❧❛♥✐✜❝❛❞❛s ❡♥ ❞✐❝❤❛ ❧í♥❡❛✱ ❛ ❧♦ ❧❛r❣♦ ❞❡ ❝❛❞❛ s❡♠❛♥❛ t ❞❡❧ ❤♦r✐③♦♥t❡✱
♥♦ ✐♠♣❧✐q✉❡ ❡①❝❡❞❡r ❡❧ ❧í♠✐t❡ ❞❡ ✏❝❤❛♥❣❡♦✈❡rs✑ ✜❥❛❞♦ ♣♦r comax

l ✳





∑

f∈Fl

Wflt



− 1 ≤ comax
l ∀ l ∈ L, t ∈ T ✭✷✮

▲♦t❡ ♠í♥✐♠♦ ❞❡ ♣r♦❞✉❝❝✐ó♥✳ P❛r❛ ❧❛s ❢❛♠✐❧✐❛s ❞❡ ♣r♦❞✉❝t♦ q✉❡ s❡ ❛s✐❣♥❛♥ ❛
❧❛s ❧í♥❡❛s✱ s✉ ♣r♦❞✉❝❝✐ó♥ ❛❣r❡❣❛❞❛ ❡♥ ❝❛❞❛ ♣❡rí♦❞♦ ❞❡ t✐❡♠♣♦ t ❞❡❜❡ s❡r ♠❛②♦r
♦ ✐❣✉❛❧ ❛ s✉ r❡s♣❡❝t✐✈♦ ❧♦t❡ ♠í♥✐♠♦ ❞❡ ♣r♦❞✉❝❝✐ó♥ lmin

f ✳

lmin
f ·Wflt ≤

∑

p∈Pf

Qplt ≤ qmax
lt ·Wflt ∀ l ∈ L, f ∈ Fl, t ∈ T ✭✸✮

❊st❛ r❡str✐❝❝✐ó♥ ♥♦ s♦❧♦ ❣❛r❛♥t✐③❛ q✉❡ ❧❛ ♣r♦❞✉❝❝✐ó♥ ❛s✐❣♥❛❞❛ ❛ ❝❛❞❛ ❢❛♠✐✲
❧✐❛ ❝✉♠♣❧❛ ❝♦♥ s✉ r❡s♣❡❝t✐✈♦ ❧♦t❡ ♠í♥✐♠♦✱ s✐♥♦ q✉❡ t❛♠❜✐é♥ ❢✉❡r③❛ ② ❞❡✜♥❡ ❡❧
❝♦♠♣♦rt❛♠✐❡♥t♦ ❞❡ ❧❛ ✈❛r✐❛❜❧❡ ❜✐♥❛r✐❛ Wflt✱ ❞❡ ♠❛♥❡r❛ q✉❡ t♦♠❡ ❡❧ ✈❛❧♦r ✶ s♦❧♦
❝✉❛♥❞♦ ❧❛ ❢❛♠✐❧✐❛ t❡♥❣❛ ♣r♦❞✉❝❝✐ó♥ ❛s✐❣♥❛❞❛ ❡♥ ❧❛ ❧í♥❡❛✱ s✐❡♥❞♦ ❝❡r♦ ❡♥ ❝❛s♦
❝♦♥tr❛r✐♦✳ P❛r❛ ❡❧❧♦ s❡ ❡♠♣❧❡❛ ❝♦♠♦ ❧í♠✐t❡ s✉♣❡r✐♦r ❡❧ ♣❛rá♠❡tr♦ qmax

lt ✱ ❡❧ ❝✉❛❧✱
❝♦♠♦ s❡ ♣r❡s❡♥t❛rá ❡♥ ❧❛ ♣ró①✐♠❛ r❡str✐❝❝✐ó♥✱ ❡s ❡❧ ✈❛❧♦r ♠á①✐♠♦ q✉❡ ♥✉♥❝❛ s❡rá
s♦❜r❡♣❛s❛❞♦ ♣♦r ❧❛ ♣r♦❞✉❝❝✐ó♥ ❛❣r❡❣❛❞❛ ❞❡ ❧❛ ❧í♥❡❛ ❡♥ ❡❧ ♣❡rí♦❞♦ t✳ ❉❡❜✐❞♦ ❛ ❧❛
❊❝✳ ✭✸✮✱ ❧❛ ♣r♦❞✉❝❝✐ó♥ ❛❣r❡❣❛❞❛ ❞❡ ❝❛❞❛ ❢❛♠✐❧✐❛ s❡rá ❝❡r♦ ❝✉❛♥❞♦ Wflt = 0✳
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❈❛♣❛❝✐❞❛❞ ♣♦r ❧í♥❡❛✳ ❙❡ ❞❡❜❡ ❣❛r❛♥t✐③❛r q✉❡ ❧❛ ♣r♦❞✉❝❝✐ó♥ ❛❣r❡❣❛❞❛ ❞❡ t♦✲
❞♦s ❧♦s ♣r♦❞✉❝t♦s ② ❢❛♠✐❧✐❛s ❡♥ ❝❛❞❛ ✉♥❛ ❞❡ ❧❛s ❧í♥❡❛s ♥♦ s✉♣❡r❡ ❧❛ r❡s♣❡❝t✐✈❛
❝❛♣❛❝✐❞❛❞ ♣r♦❞✉❝t✐✈❛ ❞❡✜♥✐❞❛ ♣❛r❛ ✉♥ ♣❡rí♦❞♦ ❞❡ t✐❡♠♣♦ ❞❛❞♦✳

∑

f∈Fl

∑

p∈Pf

Qplt ≤ qmax
lt ∀ l ∈ L, t ∈ T ✭✹✮

❈❛♣❛❝✐❞❛❞ ❞❡ ❡♥✈❛s❛❞♦✳ ❈♦♥ ❡❧ ✜♥ ❞❡ ❜❛❧❛♥❝❡❛r ❧❛ ♣r♦♣♦r❝✐ó♥ ❞❡ t♦♥❡❧❛❞❛s
❞❡ ♣r♦❞✉❝t♦s ❞❡ ✏❜♦❧s❛ ❝❤✐❝❛✑ ② ✏❜♦❧s❛ ❣r❛♥❞❡✑ ♣❧❛♥✐✜❝❛❞❛s✱ ❞❡❜❡ ❛s❡❣✉r❛rs❡ q✉❡
❡❧ ✈♦❧✉♠❡♥ ❞❡ ♣r♦❞✉❝❝✐ó♥ ❛❣r❡❣❛❞♦ ❞❡ t♦❞♦s ❧♦s ♣r♦❞✉❝t♦s PBC ✭❝♦♥ ❢♦r♠❛t♦
✑❜♦❧s❛ ❝❤✐❝❛✑✮✱ ❡♥ ❝❛❞❛ ♣❡rí♦❞♦ ❞❡❧ ❤♦r✐③♦♥t❡✱ ♥♦ s✉♣❡r❡ ❡❧ ❧í♠✐t❡ capBC

t ✜❥❛❞♦
♣❛r❛ ❞✐❝❤♦ ♣❡rí♦❞♦✳

∑

p∈PBC

∑

l∈Lp

Qplt ≤ capBC
t ∀ t ∈ T ✭✺✮

❇❛❧❛♥❝❡ ❞❡ ♠❛t❡r✐❛❧✳ ❊♥ ❢✉♥❝✐ó♥ ❞❡ ❧♦s ✈♦❧ú♠❡♥❡s ❞❡ ♣r♦❞✉❝❝✐ó♥ ❛s✐❣♥❛❞♦s
❛ ❝❛❞❛ ♣r♦❞✉❝t♦✱ ❛sí ❝♦♠♦ ❧♦s ♥✐✈❡❧❡s ❞❡ ✐♥✈❡♥t❛r✐♦ ❡①✐st❡♥t❡s ② ❧❛ ❞❡♠❛♥❞❛
♣r❡✈✐st❛ ✭dpt✮ ♣❛r❛ ❞✐❝❤♦ ♣r♦❞✉❝t♦✱ s❡ ❞❡❜❡ ❝❛❧❝✉❧❛r ❧♦s ♥✐✈❡❧❡s ❞❡ ✐♥✈❡♥t❛r✐♦ ♦
st♦❝❦ ❛❧ ✜♥❛❧ ❞❡ ❝❛❞❛ ♣❡rí♦❞♦✱ r❡♣r❡s❡♥t❛❞♦s ♣♦r ❧❛ ✈❛r✐❛❜❧❡ SFpt ♣r❡✈✐❛♠❡♥t❡
❞❡✜♥✐❞❛✳

❊♥ ♣r✐♠❡r ❧✉❣❛r✱ t❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥t❛ q✉❡ ♣❛r❛ ❡❧ ♣r✐♠❡r ♣❡rí♦❞♦ ❞❡❧ ❤♦r✐③♦♥t❡
✭t0✮ ❡❧ ♥✐✈❡❧ ❞❡ ✐♥✈❡♥t❛r✐♦ ♣r❡✲❡①✐st❡♥t❡ s❡rá ✉♥ ❞❛t♦ ❝♦♥♦❝✐❞♦ s0p✱ ❡❧ ❜❛❧❛♥❝❡ ❡♥
❞✐❝❤♦ ♣❡rí♦❞♦ s❡rá✿

SFpt = s0p +
∑

l∈Lp

Qplt − dpt ∀ p ∈ P, t = t0 ✭✻✮

P♦r ♦tr♦ ❧❛❞♦✱ ❛ ♣❛rt✐r ❞❡❧ s❡❣✉♥❞♦ ♣❡rí♦❞♦ ❡♥ ❛❞❡❧❛♥t❡✱ ❡❧ ♥✐✈❡❧ ❞❡ ✐♥✈❡♥t❛r✐♦
♣r❡✲❡①✐st❡♥t❡ s❡rá ❡q✉✐✈❛❧❡♥t❡ ❛❧ ♥✐✈❡❧ ❞❡ st♦❝❦ ✜♥❛❧ ❞❡❧ ♣❡rí♦❞♦ ❛♥t❡r✐♦r SFp(t−1)✱
❝♦♥ ❧♦ ❝✉❛❧✿

SFpt = SFp(t−1) +
∑

l∈Lp

Qplt − dpt ∀ p ∈ P, t ∈ T : t ̸= t0 ✭✼✮

P♦❧ít✐❝❛ ❞❡ st♦❝❦s✳ ▲❛ ♣♦❧ít✐❝❛ ❞❡ ✐♥✈❡♥t❛r✐♦ ♣r❡s❡♥t❛❞❛✱ ❜❛s❛❞❛ ❡♥ ♥✐✈❡❧❡s
❧í♠✐t❡ ❞❡ ✐♥✈❡♥t❛r✐♦s ❝❛❧❝✉❧❛❞♦s ❛ ♣❛rt✐r ❞❡ ♥✐✈❡❧❡s ❧í♠✐t❡ ❞❡ ❝♦❜❡rt✉r❛s✱ s❡ ✐♥✲
❝♦r♣♦r❛ ❛❧ ♠♦❞❡❧♦ ❝❛❧❝✉❧❛♥❞♦ ❧❛s ❞✐❢❡r❡♥❝✐❛s ❞❡ st♦❝❦ ♣❛r❛ ❝❛❞❛ ❧í♠✐t❡ q✉❡ s❡rá♥
♣❡♥❛❧✐③❛❞❛s ❡♥ ❧❛ ❢✉♥❝✐ó♥ ♦❜❥❡t✐✈♦✳ ◆ót❡s❡ q✉❡ ♥♦ s❡ ❡st❛❜❧❡❝❡♥ ❧í♠✐t❡s ❞❡ ✐♥✈❡♥✲
t❛r✐♦ ❝♦♠♦ r❡str✐❝❝✐♦♥❡s t❛①❛t✐✈❛s ❛ ❝✉♠♣❧✐r✳

sobjpt − SFpt ≤ Dobj
pt

smin
pt − SFpt ≤ Dmin

pt

squiebrept − SFpt ≤ Dquiebre
pt



















∀ p ∈ P, t ∈ T ✭✽✮
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▲❛ ❊❝✳ ✭✽✮ ❛s❡❣✉r❛ ❡❧ ❝♦rr❡❝t♦ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❞❡ ❧❛s ✸ ✈❛r✐❛❜❧❡s ❛✉①✐❧✐❛r❡s
✉s❛❞❛s ❛ ❝♦♥t✐♥✉❛❝✐ó♥ ❡♥ ❧❛ ❢✉♥❝✐ó♥ ♦❜❥❡t✐✈♦✱ ❧❛s ❝✉❛❧❡s s❛t✐s❢❛❝❡♥ ❧❛ r❡❧❛❝✐ó♥
Dobj

pt ≥ Dmin
pt ≥ Dquiebre

pt ② ♣❡r♠✐t❡♥ ♣❡♥❛❧✐③❛r ❡s❝❛❧♦♥❛❞❛♠❡♥t❡ ❡❧ ✈♦❧✉♠❡♥ ❞❡
❧♦s ✐♥❝✉♠♣❧✐♠✐❡♥t♦s r❡s♣❡❝t♦ ❛ ❧♦s ♥✐✈❡❧❡s ❧í♠✐t❡ ❞❡ ❝♦❜❡rt✉r❛ ❝♦♥s✐❞❡r❛❞♦s✳

✸✳✸ ❋✉♥❝✐ó♥ ♦❜❥❡t✐✈♦

❉❡✜♥✐❝✐ó♥✳ ▲❛ ❢✉♥❝✐ó♥ ♦❜❥❡t✐✈♦ ❜✉s❝❛ ♠✐♥✐♠✐③❛r ❧♦s ❝❛s♦s ✐♥❞❡s❡❛❞♦s ❞❡ ♣r♦✲
❞✉❝t♦s ❝♦♥ ♥✐✈❡❧❡s ❞❡ ❝♦❜❡rt✉r❛ ♠❡♥♦r❡s ❛ ❧♦s ❡s♣❡❝✐✜❝❛❞♦s✱ ♠❡❞✐❛♥t❡ ✉♥ ❝♦♥❥✉♥✲
t♦ ❞❡ ♣❡♥❛❧✐③❛❝✐♦♥❡s ♠♦❞❡❧❛❞❛s ♣❛r❛ t❛❧ ✜♥✳ ❊♥ ♦r❞❡♥ ❞❡ ♣r✐♦r✐❞❛❞✱ ♣r✐♥❝✐♣❛❧♠❡♥✲
t❡ s❡ ❜✉s❝❛ ❡✈✐t❛r ♥✐✈❡❧❡s ❞❡ ✐♥✈❡♥t❛r✐♦ ♣♦r ❞❡❜❛❥♦ ❞❡ squiebrept ✱ ❧✉❡❣♦ ♠✐♥✐♠✐③❛r

♥✐✈❡❧❡s ❞❡ ✐♥✈❡♥t❛r✐♦ ♠❡♥♦r❡s ❛ smin
pt ②✱ ✜♥❛❧♠❡♥t❡✱ ♣❛r❛ ❛q✉❡❧❧♦s ♣r♦❞✉❝t♦s ❝♦♥

♥✐✈❡❧❡s ❞❡ ✐♥✈❡♥t❛r✐♦ ♣♦r ❡♥❝✐♠❛ ❞❡❧ ♠í♥✐♠♦✱ tr❛t❛r ❞❡ ♠❛♥t❡♥❡r❧♦s ❧♦ ♠ás ❝❡r❝❛
♣♦s✐❜❧❡ ❞❡ sobjpt ✳ P❛r❛ ❧♦❣r❛r ❡st♦✱ s❡ ❢♦r♠✉❧❛ ❧❛ ❢✉♥❝✐ó♥ ♦❜❥❡t✐✈♦ ♠❡❞✐❛♥t❡ ✉♥❛
s✉♠❛t♦r✐❛ ♣♦♥❞❡r❛❞❛✱ ❝♦♠♦ s✐❣✉❡✿

Minimizar
∑

t∈T

∑

p∈P

cp ·
(

αDobj
pt + β Dmin

pt + γ Dquiebre
pt

)

✭✾✮

❊❧ ♣❛rá♠❡tr♦ cp r❡♣r❡s❡♥t❛ ✉♥ ❝♦st♦ q✉❡ ♣❡r♠✐t✐rá ❞❛r ❞✐st✐♥t❛s ♣❡♥❛❧✐③❛❝✐♦✲
♥❡s ❛ ❧♦s ❞✐st✐♥t♦s ♣r♦❞✉❝t♦s✳ ❊♥ ♣r✐♥❝✐♣✐♦✱ s❡ ✉t✐❧✐③❛rá ♣❛r❛ ❛s✐❣♥❛r ✉♥❛ ♣❡♥❛❧✐✲
③❛❝✐ó♥ ♠❛②♦r ❛ ❧♦s ♣r♦❞✉❝t♦s ✏❞r✐✈❡rs✑ ②❛ q✉❡✱ ❡♥ ❝♦♠♣❛r❛❝✐ó♥✱ r❡s✉❧t❛ ❞❡s❡❛❜❧❡
♣r✐♦r✐③❛r ② ❡✈✐t❛r ✐♥❝✉♠♣❧✐♠✐❡♥t♦s ❡♥ ❧❛s ❝♦❜❡rt✉r❛s ❞❡ ❡st♦s ♣r♦❞✉❝t♦s ❝♦♥ r❡s✲
♣❡❝t♦ ❛❧ r❡st♦✳ ❙❡ ❞❡✜♥❡ ❝♦♠♦ s✐❣✉❡✿

cp =

{

2 , p ∈ Pd

1 , p ∈ P/Pd

✭✶✵✮

▲♦s ❝♦❡✜❝✐❡♥t❡s α✱ β ② γ r❡♣r❡s❡♥t❛♥ ❡❧ ❣r❛❞♦ ❡♥ q✉❡ s❡ ♣❡♥❛❧✐③❛♥ ❧♦s ✐♥❝✉♠✲
♣❧✐♠✐❡♥t♦s ❞❡ ❧♦s ❧í♠✐t❡s sobjpt ✱ smin

pt ② squiebrept ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❊♥ ❡st❡ ❡st✉❞✐♦
s✉s ♠❛❣♥✐t✉❞❡s s❡ ❞❡✜♥❡♥ ❝♦♠♦ s✐❣✉❡✿

❈♦❡✜❝✐❡♥t❡s ❋❖ =











α = 1

β = 9

γ = 90

✭✶✶✮

❈♦♠♦ ♣✉❡❞❡ ❛♣r❡❝✐❛rs❡ ❡♥ ❧❛ ❊❝✳ ✭✾✮✱ ❝❛❞❛ ✉♥♦ ❞❡ ❧♦s tér♠✐♥♦s q✉❡ ❝♦♠♣♦♥❡♥
❧❛ s✉♠❛t♦r✐❛ ❛ ♠✐♥✐♠✐③❛r r❡♣r❡s❡♥t❛ ✉♥❛ ♣❡♥❛❧✐❞❛❞ ❝♦♥ r❡s♣❡❝t♦ ❛ ❧♦s ❧í♠✐t❡s
❞❡ ✐♥✈❡♥t❛r✐♦ ♣❛r❛ ✉♥ ♣r♦❞✉❝t♦ ❞❛❞♦ ❡♥ ✉♥ ♣❡rí♦❞♦ ❡s♣❡❝í✜❝♦✱ ❞❡ t❛❧ ♠❛♥❡r❛
q✉❡ s✉ ✈❛❧♦r q✉❡❞❛rá ❞❡✜♥✐❞♦ ♣♦r ✉♥❛ ❢✉♥❝✐ó♥ ❧✐♥❡❛❧ ♣♦r tr❛♠♦s ❡s♣❡❝í✜❝❛♠❡♥t❡
❞❡❧✐♠✐t❛❞❛ ❛ ♣❛rt✐r ❞❡ ❧♦s ♣❛rá♠❡tr♦s ❞❡ ✐♥✈❡♥t❛r✐♦ ♦❜❥❡t✐✈♦✱ ♠í♥✐♠♦ ② ❞❡ q✉✐❡❜r❡
❞❡❧ ♣r♦❞✉❝t♦✳

❆♥á❧✐s✐s ❞❡ ❝♦♠♣♦rt❛♠✐❡♥t♦✳ P❛r❛ ♠❛②♦r ❝♦♠♣r❡♥s✐ó♥ ❞❡❧ ❝♦♠♣♦rt❛♠✐❡♥✲
t♦ ❞❡ ❧❛ ❢✉♥❝✐ó♥ ♦❜❥❡t✐✈♦✱ ❛♥❛❧✐③❛r❡♠♦s ✉♥ tér♠✐♥♦ ❡s♣❡❝í✜❝♦ ❞❡ ❧❛ s✉♠❛t♦r✐❛
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❡♥ ❊❝✳ ✭✾✮✱ ❛s♦❝✐❛❞♦ ❛ ✉♥ ♣r♦❞✉❝t♦ p ❡♥ ✉♥❛ s❡♠❛♥❛ t ❞❛❞❛✳ ❊♥ ♣❛rt✐❝✉❧❛r✱
❝♦♥s✐❞❡r❛r❡♠♦s ❡❧ tér♠✐♥♦ ❡♥tr❡ ♣❛ré♥t❡s✐s ❞❡❧ ♣r♦❞✉❝t♦ ❡♥ ❞✐❝❤❛ s✉♠❛t♦r✐❛✱ ❞❡✲
♥♦tá♥❞♦❧♦ ❝♦♠♦ DFO

pt ✳ ❊♥ ❡st❡ tér♠✐♥♦✱ ❧❛s ✈❛r✐❛❜❧❡s Dobj
pt ✱ Dmin

pt ② Dquiebre
pt ❡stá♥

♠✉❧t✐♣❧✐❝❛❞❛s ♣♦r ❝♦❡✜❝✐❡♥t❡s ♣♦s✐t✐✈♦s ❡♥ ✉♥❛ ❢✉♥❝✐ó♥ ♦❜❥❡t✐✈♦ q✉❡ ❡s ♠✐♥✐♠✐✲
③❛❞❛✱ ♣♦r ❧♦ ❝✉❛❧ s✉s ✈❛❧♦r❡s t❡♥❞❡rá♥ ❛ ❝❡r♦✱ ♦ ❜✐❡♥✱ ❛ ❧♦s ❧í♠✐t❡s ❞❡t❡r♠✐♥❛❞♦s
♣♦r ❧❛ ❊❝✳ ✭✽✮✳ ❊♥ ❝♦♥s❡❝✉❡♥❝✐❛✱ ♥ót❡s❡ q✉❡ ❡❧ ✈❛❧♦r ❞❡ DFO

pt ❡st❛rá s✉❥❡t♦ ❛❧ ♥✐✈❡❧
❞❡ ✐♥✈❡♥t❛r✐♦ SFpt ❝♦rr❡s♣♦♥❞✐❡♥t❡✳ ❊s ❞❡❝✐r✱ s✐ ❡❧ ♥✐✈❡❧ ❞❡ ✐♥✈❡♥t❛r✐♦ ❞❡ ❞✐❝❤♦

♣r♦❞✉❝t♦ ❡♥ ❞✐❝❤❛ s❡♠❛♥❛ s❡ ❡♥❝✉❡♥tr❛ ❡♥tr❡ sobjpt ② smin
pt ✱ ❡♥t♦♥❝❡s s♦❧♦ ❧❛ ✈❛r✐❛✲

❜❧❡ Dobj
pt t♦♠❛rá ✈❛❧♦r❡s ♠❛②♦r❡s ❛ ❝❡r♦✱ ♠✐❡♥tr❛s q✉❡ s✐ ❡❧ ♥✐✈❡❧ ❞❡ ✐♥✈❡♥t❛r✐♦

s❡ ❡♥❝✉❡♥tr❛ ❡♥tr❡ smin
pt ② sobjpt ✱ ❛♠❜❛s ✈❛r✐❛❜❧❡s Dobj

pt ② Dmin
pt t♦♠❛rá♥ ✈❛❧♦r❡s

♠❛②♦r❡s ❛ ❝❡r♦✱ ② ✜♥❛❧♠❡♥t❡✱ s✐ ❡❧ ♥✐✈❡❧ ❞❡ ✐♥✈❡♥t❛r✐♦ ❡s ♠❡♥♦r ❛ squiebrept ✱ ❧❛s

tr❡s ✈❛r✐❛❜❧❡s Dobj
pt ✱ Dmin

pt ② Dquiebre
pt t♦♠❛rá♥ ✈❛❧♦r❡s ♣♦s✐t✐✈♦s✳ P♦r ❧♦ t❛♥t♦✱ s✐

❝♦♥s✐❞❡r❛♠♦s ❧♦s ✐♥t❡r✈❛❧♦s q✉❡ ❤❛❝❡♥ ♣♦s✐t✐✈❛s ❧❛s ✈❛r✐❛❜❧❡s ♠❡♥❝✐♦♥❛❞❛s ❥✉♥t♦
❝♦♥ ❧♦s ❝♦❡✜❝✐❡♥t❡s ❞❡✜♥✐❞♦s ❡♥ ❧❛ ❊❝✳ ✭✶✶✮✱ ♣♦❞❡♠♦s ❡①♣r❡s❛r ❡❧ tér♠✐♥♦ DFO

pt

❞❡ ❧❛ ❊❝✳ ✭✾✮ ❝♦♠♦ ✉♥❛ ❢✉♥❝✐ó♥ ❞❡❧ ♥✐✈❡❧ ❞❡ ✐♥✈❡♥t❛r✐♦ SFpt✱ ♦❜t❡♥✐❡♥❞♦✿

DFO
pt =











































0 , SFpt ≥ sobjpt

sobjpt − SFpt , smin
pt ≤ SFpt ≤ sobjpt

(sobjpt − smin
pt ) + 10 · (smin

pt − SFpt) , squiebrept ≤ SFpt ≤ smin
pt

(sobjpt − smin
pt ) + 10 · (smin

pt − squiebrept )

+ 100 · (squiebrept − SFpt)
, 0 ≤ SFpt ≤ squiebrept

✭✶✷✮

P♦r ❡❥❡♠♣❧♦✱ s✐ ❝♦♥s✐❞❡r❛♠♦s ✉♥ ♣r♦❞✉❝t♦ ② s❡♠❛♥❛ ❡s♣❡❝í✜❝♦s ② ❛s✐❣♥❛♠♦s
✈❛❧♦r❡s ❛ ❧♦s ♥✐✈❡❧❡s ❧í♠✐t❡ ❞❡ ❝♦❜❡rt✉r❛✿ squiebrept = 7 [tn]✱ smin

pt = 28 [tn] ②

sobjpt = 35 [tn]✱ ♦❜t❡♥❡♠♦s ❧❛ ❊❝✉❛❝✐ó♥ ✭✶✸✮✱ ❧❛ ❝✉❛❧ s❡ r❡♣r❡s❡♥t❛ ❣rá✜❝❛♠❡♥t❡
❡♥ ❧❛ ❋✐❣✉r❛ ✸✳

DFO
pt =



























0 SFpt ≥ 35

35− SFpt 28 ≤ SFpt ≤ 35

287− 10 · SFpt 7 ≤ SFpt ≤ 28

917− 100 · SFpt 0 ≤ SFpt ≤ 7

✭✶✸✮

❊♥ ❧❛ ❋✐❣✉r❛ ✸ s❡ ♦❜s❡r✈❛ ❝ó♠♦ ✈❛rí❛ ❧✐♥❡❛❧♠❡♥t❡ ❧❛ ♣❡♥❛❧✐③❛❝✐ó♥ ❞❡ ❧❛ ❋❖
s❡❣ú♥ ❧♦s ♥✐✈❡❧❡s ❞❡ ✐♥✈❡♥t❛r✐♦ SFpt✳ ❊s♣❡❝í✜❝❛♠❡♥t❡✱ ❛ ♠❡❞✐❞❛ q✉❡ ❞❡❝r❡❝❡ ❡❧

♥✐✈❡❧ ❞❡ ✐♥✈❡♥t❛r✐♦ SFpt r❡s♣❡❝t♦ ❛ s✉ ♥✐✈❡❧ ♦❜❥❡t✐✈♦ ❞❡ st♦❝❦ sobjpt ✭❡s ❞❡❝✐r✱
♥♦s ♠♦✈❡♠♦s ❞❡s❞❡ ❧❛ ❧í♥❡❛ ✏❙t♦❝❦ ❖❜❥❡t✐✈♦✑ ❤❛❝✐❛ ❧❛ ✐③q✉✐❡r❞❛✮✱ ❧❛ ♣❡♥❛❧✐③❛❝✐ó♥
❛✉♠❡♥t❛ ❧✐♥❡❛❧♠❡♥t❡ s✐❣✉✐❡♥❞♦ ✉♥❛ ♣❡♥❞✐❡♥t❡ ❞✐st✐♥t❛ ❡♥ ❧♦s s✉❝❡s✐✈♦s tr❛♠♦s
❞❡ ❧❛ ❢✉♥❝✐ó♥ ❞❡✜♥✐❞❛✳ ❊♥ ✈✐rt✉❞ ❞❡ ❧♦s ✈❛❧♦r❡s ❞❡✜♥✐❞♦s ❡♥ ❧❛ ❊❝✳ ✭✶✸✮ ♣❛r❛ ❧♦s
❝♦❡✜❝✐❡♥t❡s α✱ β ② γ✱ ❡st❛ ♣❡♥❞✐❡♥t❡ ❛✉♠❡♥t❛ ✶✵ ✈❡❝❡s s✉ ♠❛❣♥✐t✉❞ ❝❛❞❛ ✈❡③ q✉❡
❝❛❡♠♦s ♣♦r ❞❡❜❛❥♦ ❞❡ ✉♥♦ ❞❡ ❧♦s ❧í♠✐t❡s ❞❡ st♦❝❦ ✜❥❛❞♦s ✭❙t♦❝❦ ▼í♥✐♠♦ ② ❙t♦❝❦
◗✉✐❡❜r❡✮✳ ❉❡ ❡st❛ ♠❛♥❡r❛✱ s❡ s♦st✐❡♥❡ ❧❛ ❧✐♥❡❛❧✐❞❛❞ ❞❡❧ ♠♦❞❡❧♦ ❢♦r♠✉❧❛❞♦✱ ❛ ❧❛

J. Cusimano et al, Prog. Maestra de Prod. Planta Alim. p/Mascotas mediante Met.Optimización, EJS 22 (1) 2023 186-205 196



✈❡③ q✉❡ s❡ ♣r♦♠✉❡✈❡♥ ♥✐✈❡❧❡s ❞❡ ✐♥✈❡♥t❛r✐♦ ♣♦r ❡♥❝✐♠❛ ❞❡ ❧♦s ❧í♠✐t❡s ❞❡ st♦❝❦
✜❥❛❞♦s✱ ② ❧♦ ♠ás ❝❡r❝❛♥♦s ♣♦s✐❜❧❡s ❛❧ st♦❝❦ ♦❜❥❡t✐✈♦✳

❈♦♠♦ ♦❜s❡r✈❛❝✐ó♥ ✜♥❛❧✱ ❧❛s ♠❛❣♥✐t✉❞❡s t❛♥t♦ ❞❡ ❧♦s ❝♦❡✜❝✐❡♥t❡s α✱ β ② γ ❛s♦✲
❝✐❛❞♦s ❛ ❧❛s ✈❛r✐❛❜❧❡s ❞❡ ❞✐❢❡r❡♥❝✐❛s✱ ❛sí ❝♦♠♦ ❞❡❧ ♣❛rá♠❡tr♦ cp✱ ❢✉❡r♦♥ ❞❡✜♥✐❞❛s
❡♥ ❢♦r♠❛ ❛❞ ❤♦❝ ❝♦♥s✐❞❡r❛♥❞♦ ❧♦s ❝r✐t❡r✐♦s ② ♦❜❥❡t✐✈♦s ❞❡ ✐♥t❡rés ♣❛r❛ ❧❛ ❡♠♣r❡✲
s❛✱ ❝♦♥ ❧♦ ❝✉❛❧ s✐❡♠♣r❡ ♣♦❞rá♥ ♠♦❞✐✜❝❛rs❡ ② ❛❞❛♣t❛rs❡ ❛ ❧❛s ♣❛rt✐❝✉❧❛r✐❞❛❞❡s ❞❡
❝❛❞❛ ❝❛s♦✳

❋✐❣✉r❛ ✸✿ ❆♥á❧✐s✐s ❞❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❞❡ ❧❛ ❢✉♥❝✐ó♥ ♦❜❥❡t✐✈♦

✹ ▼ét♦❞♦ ❞❡ ❍♦r✐③♦♥t❡ ❘♦❞❛♥t❡

❊❧ ♣r♦❜❧❡♠❛ ❞❡ Pr♦❣r❛♠❛❝✐ó♥ ▼❛❡str❛ ❞❡ ❧❛ Pr♦❞✉❝❝✐ó♥ ♣❧❛♥t❡❛❞♦ s❡ ❞❡s❡❛
r❡s♦❧✈❡r ♣❛r❛ ✉♥ ♥ú♠❡r♦ ❝♦♥s✐❞❡r❛❜❧❡ ❞❡ s❡♠❛♥❛s✱ ❝♦♥ ❝✐❡♥t♦s ❞❡ ♣r♦❞✉❝t♦s ❝❧❛✲
s✐✜❝❛❞♦s ❡♥ ❧❛s ❞✐st✐♥t❛s ❢❛♠✐❧✐❛s ❛ ♣r♦❞✉❝✐r✱ ② s❡❧❡❝❝✐♦♥❛♥❞♦ ♠❡❞✐❛♥t❡ ❞❡❝✐s✐♦♥❡s
❜✐♥❛r✐❛s ❧❛s ❢❛♠✐❧✐❛s ❛s✐❣♥❛❞❛s ❛ ❝❛❞❛ ❧í♥❡❛ ❡♥ ❝❛❞❛ ♣❡rí♦❞♦✳ ❈♦♥s✐❞❡r❛♥❞♦ ❡❧ t❛✲
♠❛ñ♦ ② ❝♦♠♣❧❡❥✐❞❛❞ ❞❡ ❧❛ ❢♦r♠✉❧❛❝✐ó♥ r❡s✉❧t❛♥t❡ ❡s ❡✈✐❞❡♥t❡✱ ♣♦r ❧♦ t❛♥t♦✱ q✉❡ ❛❧
✉t✐❧✐③❛r ❡❧ ♠♦❞❡❧♦ ♠❛t❡♠át✐❝♦ ♣❧❛♥t❡❛❞♦ ♣❛r❛ r❡♣r❡s❡♥t❛r ❡❧ ♣r♦❜❧❡♠❛ ❝♦♠♣❧❡t♦
s❡rá ❞✐❢í❝✐❧ ❡♥❝♦♥tr❛r s♦❧✉❝✐♦♥❡s ❞❡ ❝❛❧✐❞❛❞ ❡♥ t✐❡♠♣♦s ❞❡ ❝ó♠♣✉t♦ ❛❝♦t❛❞♦s✳

❊♥ ❡st❡ ❛♣❛rt❛❞♦ s❡ ♣r♦♣♦♥❡ ❝♦♠♦ té❝♥✐❝❛ ❞❡ ❞❡s❝♦♠♣♦s✐❝✐ó♥ ❞❡❧ ♣r♦❜❧❡♠❛
❡❧ ♠ét♦❞♦ ❝♦♥♦❝✐❞♦ ❝♦♠♦ ✏❍♦r✐③♦♥t❡ ❘♦❞❛♥t❡✑✱ ♠❡❞✐❛♥t❡ ❡❧ ❝✉❛❧ ❡s ♣♦s✐❜❧❡ ❞✐✈✐✲
❞✐r ❡❧ ♠♦❞❡❧♦ ❝♦♠♣❧❡t♦ ❡♥ ✉♥❛ s❡r✐❡ ❞❡ s✉❜♣r♦❜❧❡♠❛s✱ ♠❛♥t❡♥✐❡♥❞♦ ❛❝♦t❛❞❛ ❧❛
❝♦♠❜✐♥❛t♦r✐❛ ❞❡ ❧♦s ♠✐s♠♦s✳

✹✳✶ ❘❡✈✐s✐ó♥ ❞❡❧ ❆❧❣♦r✐t♠♦ ✏❘♦❧❧✐♥❣ ❍♦r✐③♦♥✑

❈♦♠♦ s❡ ♠✉❡str❛ ❡♥ ❧❛ ❋✐❣✉r❛ ✹✱ ❡st❡ ♠ét♦❞♦ ♣❧❛♥t❡❛ ❧❛ ❞✐✈✐s✐ó♥ ❞❡❧ ❤♦r✐③♦♥t❡
❝♦♠♣❧❡t♦ ❞❡ T s❡♠❛♥❛s ❛ ♣❧❛♥✐✜❝❛r ❡♥ N s✉❜❝♦♥❥✉♥t♦s ❞❡ s❡♠❛♥❛s✱ ❛ r❡s♦❧✈❡r ❛
♠❡❞✐❞❛ q✉❡ s❡ ✏❤❛❝❡ r♦❞❛r ❡❧ ❤♦r✐③♦♥t❡✑✳
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❋✐❣✉r❛ ✹✿ ▼ét♦❞♦ ❞❡ ❞❡s❝♦♠♣♦s✐❝✐ó♥ ❞❡ ❍♦r✐③♦♥t❡ ❘♦❞❛♥t❡✳

P❛r❛ ✐♠♣❧❡♠❡♥t❛r ❡st❛ té❝♥✐❝❛ ❞❡ ❞❡s❝♦♠♣♦s✐❝✐ó♥ s❡ ❞❡❜❡♥ ❞❡✜♥✐r ❧♦s ♣❛rá✲
♠❡tr♦s ❞❡ ❧♦♥❣✐t✉❞ ❞❡ ✐♥t❡r✈❛❧♦ Lint ② ❛✈❛♥❝❡ Av✳ ❊❧ ♥ú♠❡r♦ ❞❡ ✐♥t❡r✈❛❧♦s N s❡
♦❜t✐❡♥❡ ❝♦♠♦ r❡s✉❧t❛❞♦ ✐♥❞✐r❡❝t♦ ❞❡ ❧❛ s❡❧❡❝❝✐ó♥ ❞❡ ❧♦s ♣r✐♠❡r♦s✳ ❊♥ ❡st❡ s❡♥t✐❞♦✱
s❡ s✉♣♦♥❡ q✉❡ ❛❧ ❛✉♠❡♥t❛r Lint ②✴♦ ❛❧ r❡❞✉❝✐r Av s❡ ❧♦❣r❛ ♠❛②♦r ❝❛❧✐❞❛❞ ❞❡
s♦❧✉❝✐♦♥❡s✱ ♠✐❡♥tr❛s q✉❡ ❛❧ r❡❞✉❝✐r Lint ②✴♦ ❛✉♠❡♥t❛r ❡❧ ❛✈❛♥❝❡ Av s❡ ♦❜t✐❡♥❡♥
s♦❧✉❝✐♦♥❡s ♠ás rá♣✐❞❛s ♣❡r♦ ❞❡ ♠❡♥♦r ❝❛❧✐❞❛❞✳ ▲❛ s❡❧❡❝❝✐ó♥ ❞❡ ❡st♦s ♣❛rá♠❡tr♦s
❞❡t❡r♠✐♥❛ ❡♥ ❣r❛♥ ♠❡❞✐❞❛ ❧❛ ❡✜❝✐❡♥❝✐❛ ❞❡❧ ♠ét♦❞♦ ② ❝❛❧✐❞❛❞ ❞❡ ❧❛ s♦❧✉❝✐ó♥✱ ♣♦r
❧♦ q✉❡ ❡s ♥❡❝❡s❛r✐♦ r❡❛❧✐③❛r ✉♥ ❛♥á❧✐s✐s ❡♥tr❡ ❧❛s ❛❧t❡r♥❛t✐✈❛s ❞✐s♣♦♥✐❜❧❡s✳

❈♦♥✈❡♥❝✐♦♥❛❧♠❡♥t❡ ❡st❡ ❛❧❣♦r✐t♠♦ s❡ ✐♠♣❧❡♠❡♥t❛ ❞❡ t❛❧ ♠❛♥❡r❛ q✉❡✱ ❛❧ ❛✈❛♥✲
③❛r ❡♥ ❧♦s s✉❜♣r♦❜❧❡♠❛s✱ s❡ ✜❥❛♥ t♦❞❛s ❧❛s ✈❛r✐❛❜❧❡s ❞❡ ❧♦s ♣❡rí♦❞♦s ❛♥t❡r✐♦r❡s ❛❧
♥✉❡✈♦ s✉❜♣r♦❜❧❡♠❛✳ ❆ ❞✐❢❡r❡♥❝✐❛ ❞❡ ❞✐❝❤♦ ❡♥❢♦q✉❡✱ ❡♥ ❡st❡ tr❛❜❛❥♦ s❡ ✐♠♣❧❡♠❡♥✲
tó ✉♥❛ ❡str❛t❡❣✐❛ t❛❧ q✉❡✱ ❛❧ ❛✈❛♥③❛r ❛ ✉♥ ♥✉❡✈♦ s✉❜♣r♦❜❧❡♠❛✱ s❡ ✜❥❛♥ s♦❧❛♠❡♥t❡
❧❛s ✈❛r✐❛❜❧❡s ❜✐♥❛r✐❛s ✭Wflt✮ ② s❡ ♠❛♥t✐❡♥❡♥ ❧✐❜r❡s ❧❛s ✈❛r✐❛❜❧❡s ❝♦♥t✐♥✉❛s ✭Qplt✱

SFpt✱ D
obj
pt ✱ Dmin

pt ✱ Dquiebre
pt ✮✱ ❧♦ ❝✉❛❧ ♣❡r♠✐t❡ ♠❡❥♦r❛r ❧❛ ❝❛❧✐❞❛❞ ❞❡ ❧❛s s♦❧✉❝✐♦✲

♥❡s ✜♥❛❧❡s s✐♥ ❛✉♠❡♥t❛r ♣❡r❝❡♣t✐❜❧❡♠❡♥t❡ ❧❛ ❝❛♣❛❝✐❞❛❞ ② t✐❡♠♣♦ ❞❡ ❝ó♠♣✉t♦
r❡q✉❡r✐❞♦s✳

✹✳✷ ❉✐str✐❜✉❝✐ó♥ ❞❡❧ t✐❡♠♣♦ ❞❡ r❡s♦❧✉❝✐ó♥ ❡♥tr❡ ❧♦s s✉❜♣r♦❜❧❡♠❛s

❚❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥t❛ ❧❛ ♥❡❝❡s✐❞❛❞ ❞❡ r❡❛❧✐③❛r r❡✲♣❧❛✐♥✜❝❛❝✐♦♥❡s ②❛ s❡❛ s❡♠❛♥❛❧❡s ♦
❝♦♥ ♠❡♥♦r ♣❡r✐♦❞✐❝✐❞❛❞ ♣♦r ♣❛rt❡ ❞❡ ❧❛ ❡♠♣r❡s❛✱ ♣❛r❛ ❞❡s❛rr♦❧❧❛r ❡❧ ♠ét♦❞♦ ♣r♦✲
♣✉❡st♦ s❡ ❛❝♦r❞ó ✉♥ t✐❡♠♣♦ t♦t❛❧ ❞❡ r❡s♦❧✉❝✐ó♥ ❧í♠✐t❡ ❞❡ ✶✽✵✵ s❡❣✉♥❞♦s ✭✸✵ ♠✐♥✮✳
▲✉❡❣♦✱ ❡♥ ❢✉♥❝✐ó♥ ❞❡ ❧❛ ❝❛♥t✐❞❛❞ ❞❡ s✉❜♣r♦❜❧❡♠❛s N ❛ r❡s♦❧✈❡r✱ ❡st❡ ❧í♠✐t❡ ❞❡
t✐❡♠♣♦ s❡ ❞✐str✐❜✉②❡ ❛✉t♦♠át✐❝❛♠❡♥t❡ ❡♥tr❡ t♦❞♦s ❧♦s s✉❜♣r♦❜❧❡♠❛s s✐❣✉✐❡♥❞♦
❡❧ ❆❧❣♦r✐t♠♦ ✶✳ ❊st❡ ❛❧❣♦r✐t♠♦✱ ❞❡✜♥✐❞♦ ❞❡ ♠❛♥❡r❛ ✏❛❞✲❤♦❝✑ ♣❛r❛ ❡❧ ♣r♦❜❧❡♠❛✱
❛s✐❣♥❛ ♠❛②♦r t✐❡♠♣♦ ❞❡ r❡s♦❧✉❝✐ó♥ ❛ ❧♦s s✉❜♣r♦❜❧❡♠❛s ✐♥✐❝✐❛❧❡s q✉❡ ❛ ❧♦s ✜♥❛❧❡s
❞❡❜✐❞♦ ❛❧ ❡s♣❡❝✐❛❧ ✐♥t❡rés ❞❡ ❧❛ ❡♠♣r❡s❛ ❡♥ ❧❛ ❝♦rr❡❝t❛ ♣❧❛♥✐✜❝❛❝✐ó♥ ❞❡ ❞✐❝❤❛s
s❡♠❛♥❛s✱ ❛sí ❝♦♠♦ ❧❛ ♦❜s❡r✈❛❝✐ó♥ ♣rá❝t✐❝❛ ❞❡ ✉♥❛ ❞✐✜❝✉❧t❛❞ ❛❣r❡❣❛❞❛ ❡♥ ❧❛ r❡✲
s♦❧✉❝✐ó♥ ❞❡ ❞✐❝❤♦s ♣❡rí♦❞♦s ✐♥✐❝✐❛❧❡s ❞❡❧ ❤♦r✐③♦♥t❡✳ ❊s♣❡❝í✜❝❛♠❡♥t❡✱ ❡❧ ❛❧❣♦r✐t♠♦
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❛s✐❣♥❛ ❡❧ ✽✺✪ ❞❡❧ t✐❡♠♣♦ ✭✶✺✸✵ s❡❣✳✮ ❛ ❧❛ ♣r✐♠❡r ♠✐t❛❞ ✭✺✺✪✮ ❞❡❧ ❤♦r✐③♦♥t❡
❝♦♠♣❧❡t♦ ❛ ♣❧❛♥✐✜❝❛r✱ ② ❡❧ r❡st❛♥t❡ ✶✺✪ ❞❡❧ t✐❡♠♣♦ ✭✷✼✵ s❡❣✳✮ ❛❧ r❡st❛♥t❡ ✹✺✪✳

❆❧❣♦r✐t♠♦ ✶✿ ❉✐str✐❜✉❝✐ó♥ ❞❡❧ t✐❡♠♣♦ t♦t❛❧ ❡♥ ❝❛❞❛ s✉❜♣r♦❜❧❡♠❛

❉❛t❛✿ TpoTotal = 1800 s ❀ T = 18 semanas

N =

⌈

T − Lint

Av

⌉

+ 1❀

N55% = ⌈0,55 ·N⌉❀

TpoProm85% = ⌈0,85 · TpoTotal

N55%
⌉❀

TpoProm15% = ⌈0,15 · TpoTotal

N−N55%
⌉❀

❢♦r sp ∈ range(1, N) ❞♦
✐❢ sp ≤ N55% t❤❡♥

TpoSubpsp = TpoProm85%

❡❧s❡
TpoSubpsp = Max {TpoProm15%; 15}

❡♥❞

❆❞❡♠ás✱ ❝✉❛♥❞♦ ✉♥♦ ♦ ✈❛r✐♦s ❞❡ ❧♦s s✉❜♣r♦❜❧❡♠❛s ♣❧❛♥t❡❛❞♦s s❡ r❡s✉❡❧✈❛♥
❛ ♦♣t✐♠❛❧✐❞❛❞ ❛♥t❡s ❞❡ s✉ t✐❡♠♣♦ ❧í♠✐t❡ ✐♥❞✐✈✐❞✉❛❧ ✭TpoSubpsp✮✱ ❡❧ ♣r♦❝❡s♦ ❞❡
r❡s♦❧✉❝✐ó♥ ❝✉❧♠✐♥❛rá ❛♥t❡s ❞❡❧ ❧í♠✐t❡ ❞❡ t✐❡♠♣♦ t♦t❛❧ ✭✶✽✵✵ s✮✳ ❊♥ ❡st❡ ❝❛s♦✱ s❡
❢♦r♠✉❧❛ ② r❡s✉❡❧✈❡ ❡❧ ♣r♦❜❧❡♠❛ ❝♦♠♣❧❡t♦ ✭❝♦♥s✐❞❡r❛♥❞♦ t♦❞♦ ❡❧ ❤♦r✐③♦♥t❡✮ ❝♦♥ ❧❛
♠❡❥♦r s♦❧✉❝✐ó♥ ♦❜t❡♥✐❞❛ ❝♦♠♦ s♦❧✉❝✐ó♥ ✐♥✐❝✐❛❧✱ ❝♦♥ ❧❛ ❡①♣❡❝t❛t✐✈❛ ❞❡ ❤❛❧❧❛r ✉♥❛
s♦❧✉❝✐ó♥ ❞❡ ♠❡❥♦r ❝❛❧✐❞❛❞ ❡♥ ❡❧ t✐❡♠♣♦ r❡♠❛♥❡♥t❡✳

❆❧❣♦r✐t♠♦ ✷✿ Pr♦❝❡s♦ ❞❡ r❡s♦❧✉❝✐ó♥ ❝♦♥s✐❞❡r❛♥❞♦ ❡❧ t✐❡♠♣♦ r❡♠❛♥❡♥t❡

❉❛t❛✿ TpoTotal = 1800 s ❀ N = nro subproblemas

TpoAcumulado = 0❀
❢♦r sp ∈ range(1, N) ❞♦

(Solsp, Tpo) = solve(Subproblema(sp), ❧í♠✐t❡ t✐❡♠♣♦ = TpoSubpsp)❀
TpoAcumulado = TpoAcumulado+ Tpo❀

❡♥❞
✐❢ TpoAcumulado ≤ TpoTotal t❤❡♥

SolCombinada = ∪sp Solsp❀
(Sol, Tpo) = solve(ProblemaCompleto, s♦❧✉❝✐ó♥ ✐♥✐❝✐❛❧ =
SolCombinada, ❧í♠✐t❡ t✐❡♠♣♦ = TpoTotal − TpoAcumulado)

❡♥❞

❈♦♠♦ s❡ r❡♣r❡s❡♥t❛ ❡♥ ❡❧ ❆❧❣♦r✐t♠♦ ✷✱ ❝❛❞❛ ✉♥♦ ❞❡ ❧♦s s✉❜♣r♦❜❧❡♠❛s s❡ r❡s✉❡❧✲
✈❡ ✜❥❛♥❞♦ ❡❧ ❧í♠✐t❡ ❞❡ t✐❡♠♣♦ TpoSubpsp ❝❛❧❝✉❧❛❞♦ ♠❡❞✐❛♥t❡ ❡❧ ❆❧❣♦r✐t♠♦ ✶✱ ②
❧♦s t✐❡♠♣♦s r❡❛❧♠❡♥t❡ ✉t✐❧✐③❛❞♦s s♦♥ ❛❝✉♠✉❧❛❞♦s ❡♥ ❧❛ ✈❛r✐❛❜❧❡ TpoAcumulado✳
❙✐ ❡①✐st❡ t✐❡♠♣♦ r❡♠❛♥❡♥t❡ s❡ ✉t✐❧✐③❛ ❧❛ s♦❧✉❝✐ó♥ ❝♦♠❜✐♥❛❞❛ ❞❡ ❧♦s ❞✐st✐♥t♦s
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s✉❜♣r♦❜❧❡♠❛s ✭SolCombinada✮ ❝♦♠♦ s♦❧✉❝✐ó♥ ✐♥✐❝✐❛❧ ♣❛r❛ r❡s♦❧✈❡r ❡❧ ♣r♦❜❧❡♠❛
❝♦♠♣❧❡t♦✳

✺ ❘❡s✉❧t❛❞♦s ② ❉✐s❝✉s✐ó♥

❊❧ ♠♦❞❡❧♦ ▼■▲P ② ❡❧ ❛❧❣♦r✐t♠♦ ❞❡ ❍♦r✐③♦♥t❡ ❘♦❞❛♥t❡ ❞❡s❝r✐♣t♦s ❢✉❡r♦♥ ✐♠✲
♣❧❡♠❡♥t❛❞♦s ❡♥ P②t❤♦♥✱ ✉t✐❧✐③❛♥❞♦ ❡❧ ♣❛q✉❡t❡ P②♦♠♦ ❝♦♠♦ ❤❡rr❛♠✐❡♥t❛ ♣❛r❛ ❡❧
♠♦❞❡❧❛❞♦ ♠❛t❡♠át✐❝♦✳ P❛r❛ r❡s♦❧✈❡r ❧♦s ♣r♦❜❧❡♠❛s s❡ ❡♠♣❧❡ó ❡❧ s♦❧✈❡r ●✉r♦❜✐
✈✾✳✶ ❝♦♥ ❧♦s ♣❛rá♠❡tr♦s ♣♦r ❞❡❢❡❝t♦✱ ❡♥ ✉♥ ❡q✉✐♣♦ ▼❛❝❜♦♦❦ ❆✐r ▼✶✱ ✽ ●❇ ❘❆▼✱
❝♦♥ ♠❛❝❖❙ ❇✐❣ ❙✉r ✶✶✳✹ ✭❡♠✉❧❛♥❞♦ ✈❡rs✐ó♥ ❞❡ ❛rq✉✐t❡❝t✉r❛ ①✻✹ ✈í❛ ✏❘♦s❡tt❛ ✷✑✮✳

✺✳✶ ❈❛s♦ ❞❡ ❡st✉❞✐♦

❙❡ ❢♦r♠✉❧ó ② r❡s♦❧✈✐ó ✉♥ ❝❛s♦ ❞❡ ❡st✉❞✐♦ ❞❡ ✹✺✸ ♣r♦❞✉❝t♦s ♣❡rt❡♥❡❝✐❡♥t❡s ❛ ✶✸✼
❢❛♠✐❧✐❛s ♦ ❢ór♠✉❧❛s ❞❡ ♣r♦❞✉❝t♦s ❞✐st✐♥t❛s✱ ❡♥ ✉♥ ❤♦r✐③♦♥t❡ t♦t❛❧ ❞❡ ✶✽ s❡♠❛♥❛s✱
✐❞❡♥t✐✜❝❛❞♦ ❞❡s❞❡ ❧❛ ❙❡♠❛♥❛ ✶✷ ❤❛st❛ ❧❛ ❙❡♠❛♥❛ ✷✾✳ ❉✐❝❤♦ ❡s❝❡♥❛r✐♦ ❢✉❡ r❡s✉❡❧t♦
♠❡❞✐❛♥t❡ ❧❛ ❢♦r♠✉❧❛❝✐ó♥ ▼■▲P✱ ❡♥ ❝♦♥❥✉♥t♦ ❝♦♥ ❡❧ ❛❧❣♦r✐t♠♦ ❞❡ r❡s♦❧✉❝✐ó♥ ♣r❡✲
s❡♥t❛❞♦✱ ② ❝♦♥tr❛st❛❞♦ ❝♦♥ ✉♥❛ s♦❧✉❝✐ó♥ ♣r❡✈✐❛ ♦❜t❡♥✐❞❛ ♣♦r ❧❛ ❡♠♣r❡s❛ ♠❡❞✐❛♥t❡
❧❛ ♠❡t♦❞♦❧♦❣í❛ ✈✐❣❡♥t❡✱ ❜❛s❛❞❛ ❡st❛ ú❧t✐♠❛ ❡♥ ❧❛ ❡①♣❡r✐❡♥❝✐❛ ❞❡❧ ♣❧❛♥✐✜❝❛❞♦r ②
❝♦♥s✐st❡♥t❡ ❡♥ ✉♥ ♣r♦❝❡s♦ s❡❝✉❡♥❝✐❛❧ ❞❡ ❞❡❝✐s✐♦♥❡s ✏❛❞ ❤♦❝✑ s✐♥ ❛✉t♦♠❛t✐③❛❝✐ó♥✳

❈♦♥s✐❞❡r❛♥❞♦ ✉♥ ❤♦r✐③♦♥t❡ ❞❡ ♣❧❛♥✐✜❝❛❝✐ó♥ T ❞❡ ✶✽ s❡♠❛♥❛s✱ ❧❛ ❞✐♠❡♥s✐ó♥
❞❡❧ ♠♦❞❡❧♦ ♠❛t❡♠át✐❝♦ ❝♦♠♣❧❡t♦ ❡s❝❛❧❛ ❛ ✉♥ t♦t❛❧ ❞❡ ✹✹✷✵✾ r❡str✐❝❝✐♦♥❡s ② ✺✷✾✺✼
✈❛r✐❛❜❧❡s ✭✹✹✽✷ ✈❛r✐❛❜❧❡s ❜✐♥❛r✐❛s ② ✹✽✹✼✺ ✈❛r✐❛❜❧❡s ❝♦♥t✐♥✉❛s✮✳ ❆ ✜♥❡s ❝♦♠♣❛✲
r❛t✐✈♦s✱ ❝♦♠♦ ♣✉❡❞❡ ♦❜s❡r✈❛rs❡ ❡♥ ❧❛ ❋✐❣✉r❛ ✺✱ ❧♦s t✐❡♠♣♦s ❞❡ ❝ó♠♣✉t♦ ❝r❡❝❡♥
❡①♣♦♥❡♥❝✐❛❧♠❡♥t❡ ❝♦♥ ❡❧ ❛❣r❡❣❛❞♦ ❞❡ s❡♠❛♥❛s ❛❧ ❤♦r✐③♦♥t❡ ❞❡ ♣❧❛♥✐✜❝❛❝✐ó♥✳

P❛r❛ ❧❛s s♦❧✉❝✐♦♥❡s ❣r❛✜❝❛❞❛s ❡♥ ❧❛ ❋✐❣✉r❛ ✺✱ s❡ ✜❥ó ✉♥ ✏❣❛♣✑ r❡❧❛t✐✈♦ ♠í♥✐♠♦
✐❣✉❛❧ ❛ ✶✪ ② ✉♥ t✐❡♠♣♦ ♠á①✐♠♦ ❞❡ ✷✽✽✵✵ s❡❣✉♥❞♦s ✭✽ ❤✮✱ ❞❡ t❛❧ ♠❛♥❡r❛ q✉❡ ❡❧
♣r♦❝❡s♦ ❞❡ r❡s♦❧✉❝✐ó♥ ✜♥❛❧✐❝❡ ❛❧ ❛❧❝❛♥③❛r ❝✉❛❧q✉✐❡r❛ ❞❡ ❞✐❝❤♦s ❧í♠✐t❡s✳ P❛r❛ ❡❧ ❝❛s♦
❡s♣❡❝✐❛❧ ❞❡ ✶✽ s❡♠❛♥❛s✱ t❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥t❛ ❧❛ ❡❧❡✈❛❞❛ ❝♦♠♣❧❡❥✐❞❛❞ ❝♦♠❜✐♥❛t♦r✐❛✱
s❡ ❡①t❡♥❞✐ó ❡❧ t✐❡♠♣♦ ❧í♠✐t❡ ❤❛st❛ ✽✻✹✵✵ s❡❣✉♥❞♦s ✭✷✹ ❤✮✱ t✐❡♠♣♦ ❡♥ ❡❧ ❝✉❛❧ s❡
❧♦❣ró ❡♥❝♦♥tr❛r s♦❧✉❝✐♦♥❡s ❞❡ ❜✉❡♥❛ ❝❛❧✐❞❛❞ ✭✷✱✼✽✪ ❞❡ ✏❣❛♣✑ r❡❧❛t✐✈♦✮✳

❈♦♥s✐❞❡r❛♥❞♦ ❧♦s ❛s♣❡❝t♦s ❞❡ ✈❡❧♦❝✐❞❛❞ ② ✢❡①✐❜✐❧✐❞❛❞ ❞❡ r❡s♦❧✉❝✐ó♥ q✉❡ ❡❧
♣r♦❜❧❡♠❛ r❡q✉✐❡r❡✱ ❡❧ t✐❡♠♣♦ ✐♥s✉♠✐❞♦ ♣❛r❛ ❛rr✐❜❛r ❛ ✉♥❛ s♦❧✉❝✐ó♥ ❞❡ ❝❛❧✐❞❛❞
r❡s✉❧t❛ ❞❡♠❛s✐❛❞♦ ❡①t❡♥s♦ ② ♣♦❝♦ ❛♣r♦♣✐❛❞♦ ❛❧ ♣r♦❜❧❡♠❛✳

✺✳✷ ❊st✉❞✐♦ ❞❡ ♣❛rá♠❡tr♦s ❞❡❧ ❆❧❣♦r✐t♠♦ ❞❡ ❍♦r✐③♦♥t❡ ❘♦❞❛♥t❡

P❛r❛ ❡❧ ❝❛s♦ ❞❡ ❡st✉❞✐♦✱ s❡ ❧✐♠✐t❛ ❧❛ ❡✈❛❧✉❛❝✐ó♥ ❞❡ Lint ❛ ✈❛❧♦r❡s ❡♥tr❡ ✷ ② ✼
✐♥❝❧✉s✐✈❡✱ ♠✐❡♥tr❛s q✉❡ Av t♦♠❛rá ✈❛❧♦r❡s ❞❡s❞❡ ✶ ❤❛st❛ Lint✱ ♣❛r❛ ❝❛❞❛ Lint

❞❡✜♥✐❞♦✳ ❉❡ ❡st❛ ♠❛♥❡r❛✱ s❡ r❡s✉❡❧✈❡♥ ② ❝♦♥tr❛st❛♥ ✷✼ ❝♦♥✜❣✉r❛❝✐♦♥❡s ❞❡ ♣❛rá✲
♠❡tr♦s ❞✐❢❡r❡♥t❡s✱ ❝✉②♦s r❡s✉❧t❛❞♦s s❡ r❡✢❡❥❛♥ ❡♥ ❧❛ ❋✐❣✉r❛ ✻✳ ▲❛ ♣❛rt❡ ❛✮ ♠✉❡str❛
❡❧ t✐❡♠♣♦ ❞❡ ❈P❯✱ ❡♥ s❡❣✉♥❞♦s✱ r❡q✉❡r✐❞♦ ♣♦r ❝❛❞❛ ❝♦♠❜✐♥❛❝✐ó♥ ❞❡ ♣❛rá♠❡tr♦s
❡✈❛❧✉❛❞❛ ♣❛r❛ r❡s♦❧✈❡r ❡❧ t♦t❛❧ ❞❡ ❧♦s s✉❜♣r♦❜❧❡♠❛s ❢♦r♠✉❧❛❞♦s✱ ♠✐❡♥tr❛s q✉❡
❡♥ ❜✮ s❡ ♦❜s❡r✈❛ ❧❛ ❝❛❧✐❞❛❞ ❞❡ ❧❛ s♦❧✉❝✐ó♥ ❛❧❝❛♥③❛❞❛ ❡♥ ❞✐❝❤♦ t✐❡♠♣♦ ❞❡ r❡s♦❧✉✲
❝✐ó♥✱ ❡①♣r❡s❛❞❛ ♣♦r❝❡♥t✉❛❧♠❡♥t❡ ❝♦♠♦ ❧❛ ❞✐❢❡r❡♥❝✐❛ ❡♥tr❡ ❧❛ s♦❧✉❝✐ó♥ ❡♥❝♦♥tr❛❞❛
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❋✐❣✉r❛ ✺✿ ❚✐❡♠♣♦ ❞❡ ❝ó♠♣✉t♦ ② ❣❛♣ r❡❧❛t✐✈♦ ❞❡ r❡s♦❧✉❝✐ó♥ ❛s♦❝✐❛❞♦s ❛ ❞✐st✐♥t♦s
❤♦r✐③♦♥t❡s ❞❡ ♣❧❛♥✐✜❝❛❝✐ó♥✳

② ❧❛ ♣♦t❡♥❝✐❛❧♠❡♥t❡ ♠❡❥♦r s♦❧✉❝✐ó♥ ❡s♣❡r❛❜❧❡✱ r❡❢❡r❡♥t❡ ❛❧ ✏❧♦✇❡r ❜♦✉♥❞✑ ❞❡ ❧❛
s♦❧✉❝✐ó♥ ❣r❛✜❝❛❞❛ ❡♥ ❧❛ ❋✐❣✉r❛ ✺✱ ❤❛❧❧❛❞❛ ❛❧ ❝♦♥s✐❞❡r❛r ✷✹ ❤♦r❛s ❞❡ ❝ó♠♣✉t♦✳

P♦r ✉❧t✐♠♦✱ ♠❡❞✐❛♥t❡ ❧❛ ❚❛❜❧❛ ✶✱ s❡ s✐♥t❡t✐③❛ ② r❡s✉♠❡ ❡❧ ❞❡s❡♠♣❡ñ♦ ❞❡ ❧❛s
❞✐st✐♥t❛s ❛❧t❡r♥❛t✐✈❛s ❞❡ r❡s♦❧✉❝✐ó♥ ❡✈❛❧✉❛❞❛s✳ ▲❛ s♦❧✉❝✐ó♥ ❞❡ ✏❍♦r✐③♦♥t❡ ❈♦♠✲
♣❧❡t♦✑ r❡♣r❡s❡♥t❛ ❧❛ r❡s♦❧✉❝✐ó♥ ❞❡❧ ♠♦❞❡❧♦ ▼■▲P ❢♦r♠✉❧❛❞♦ s✐♥ ❛♣❧✐❝❛r ♥✐♥❣✉♥❛
té❝♥✐❝❛ ❞❡ ❞❡s❝♦♠♣♦s✐❝✐ó♥✱ ♣❛r❛ ✉♥ ❤♦r✐③♦♥t❡ ❞❡ ✶✽ s❡♠❛♥❛s✳ P♦r ♦tr♦ ❧❛❞♦✱ s✐
r❡s♦❧✈❡♠♦s ❡❧ ♠✐s♠♦ ♠♦❞❡❧♦ ❡♠♣❧❡❛♥❞♦ ❧❛ ♠❡t♦❞♦❧♦❣í❛ ❞❡ ❍♦r✐③♦♥t❡ ❘♦❞❛♥t❡
♣r♦♣✉❡st❛ s❡ ❧♦❣r❛♥ ♠❡❥♦r❛s s✐❣♥✐✜❝❛t✐✈❛s ❞❡ ❞❡s❡♠♣❡ñ♦✱ ♦❜t❡♥✐❡♥❞♦ s♦❧✉❝✐♦♥❡s
❞❡ s✐♠✐❧❛r ♦ ♠❡❥♦r ❝❛❧✐❞❛❞ ❡♥ ♠❡♥♦s ❞❡❧ ✷✪ ❞❡❧ t✐❡♠♣♦ ✐♥s✉♠✐❞♦ ♣♦r ❧❛ s♦❧✉❝✐ó♥
❞❡ r❡❢❡r❡♥❝✐❛✳

❚❛❜❧❛ ✶✿ ❈♦♠♣❛r❛❝✐ó♥ ❞❡ ❞❡s❡♠♣❡ñ♦ ❞❡ ❧❛s ❛❧t❡r♥❛t✐✈❛s ❞❡ r❡s♦❧✉❝✐ó♥✳
▼ét♦❞♦ ❞❡ ❘❡s♦❧✉❝✐ó♥ ❚✐❡♠♣♦ ●❛♣ ❘❡❧❛t✐✈♦ ❬✪❪

❍♦r✐③♦♥t❡ ❈♦♠♣❧❡t♦ ✽✻✹✵✵ s ❂ ✷✹ ❤ ✷✱✼✽✪

❍♦r✐③♦♥t❡ ❘♦❞❛♥t❡
✭Lint = 4❀ Av = 2❀ GapMin = 0, 01%✮ ✶✻✹✾ s ≃ ✷✽ ♠✐♥ ✶✱✽✺✪

❍♦r✐③♦♥t❡ ❘♦❞❛♥t❡
✭Lint = 5❀ Av = 5❀ GapMin = 1%✮ ✹✵✵ s ≃ ✼ ♠✐♥ ✸✱✷✾✪

❆ ♣❛rt✐r ❞❡ ❧♦s r❡s✉❧t❛❞♦s r❡✢❡❥❛❞♦s ❡♥ ❧❛ ❚❛❜❧❛ ✶✱ s❡ ❝♦♥❝❧✉②❡ q✉❡ ✉♥❛ ❧♦♥✲
❣✐t✉❞ ❞❡ ✐♥t❡r✈❛❧♦ Lint ✐❣✉❛❧ ❛ ✹ s❡♠❛♥❛s✱ ❡♥ ❝♦♥❥✉♥t♦ ❝♦♥ ✉♥ ❛✈❛♥❝❡ Av ❞❡ ✷
s❡♠❛♥❛s✱ ❝♦♥ ❧í♠✐t❡ ♠í♥✐♠♦ ❞❡ ✏❣❛♣✑ r❡❧❛t✐✈♦ ✐❣✉❛❧ ❛ ✵✱✵✶✪✱ r❡s✉❧t❛ ❧❛ ❝♦♥✜✲
❣✉r❛❝✐ó♥ ❞❡ ♣❛rá♠❡tr♦s ó♣t✐♠❛ ❡♥tr❡ ❧❛s ❡✈❛❧✉❛❞❛s✱ ② s❡rá ❡♠♣❧❡❛❞❛ ❝♦♠♦ ❧❛
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❋✐❣✉r❛ ✻✿ ❘❡s✉❧t❛❞♦ ❞❡❧ ❡st✉❞✐♦ ❞❡ ♣❛rá♠❡tr♦s✿ ❛✮ ❚✐❡♠♣♦ ❈P❯ ❬s❪ ❜✮ ●❛♣ r❡❧❛✲
t✐✈♦ ❛❧❝❛♥③❛❞♦ ❬✪❪✳

♣r❡❞❡t❡r♠✐♥❛❞❛ ♣❛r❛ ❧❧❡✈❛r ❛❞❡❧❛♥t❡ ❧❛s ❝♦♠♣❛r❛❝✐♦♥❡s ❝♦♥ ❡❧ ♠ét♦❞♦ ✈✐❣❡♥t❡✳
❊✈❡♥t✉❛❧♠❡♥t❡✱ ❛♥t❡ ❝❛♠❜✐♦s s✐❣♥✐✜❝❛t✐✈♦s ❡♥ ❡❧ ♥ú♠❡r♦ ❞❡ ♣r♦❞✉❝t♦s✱ ❢❛♠✐❧✐❛s
②✴♦ s❡♠❛♥❛s✱ ❡❧ ❡st✉❞✐♦ ❞❡ ♣❛rá♠❡tr♦s ❞❡❜❡ r❡♣❡t✐rs❡✳

✺✳✸ ❆♥á❧✐s✐s ❞❡ r❡s✉❧t❛❞♦s

▲♦t❡ ▼í♥✐♠♦ ❞❡ Pr♦❞✉❝❝✐ó♥✳ P❛r❛ ❝❛❞❛ ❢❛♠✐❧✐❛ ❞❡ ♣r♦❞✉❝t♦s✱ s❡ ❝♦♥tr❛st❛ ❡❧
✈♦❧✉♠❡♥ ♣❧❛♥✐✜❝❛❞♦ ❡♥ ❝❛❞❛ s❡♠❛♥❛ ❞❡❧ ❤♦r✐③♦♥t❡ ❝♦♥ s✉ r❡s♣❡❝t✐✈♦ ❧♦t❡ ♠í♥✐♠♦
❞❡ ♣r♦❞✉❝❝✐ó♥✳

❈♦♥s✐❞❡r❛♥❞♦ ❡♥ ♣r✐♠❡r ❧✉❣❛r ❧❛ s♦❧✉❝✐ó♥ ♦❜t❡♥✐❞❛ ❝♦♥ ❡❧ ♠ét♦❞♦ ✈✐❣❡♥t❡✱
❧❛ ❋✐❣✉r❛ ✼❛ ♠✉❡str❛ ✉♥ r❡❝✉❡♥t♦ ❞❡ ❧❛ ❝❛♥t✐❞❛❞ ❞❡ ❢❛♠✐❧✐❛s ❞❡ ♣r♦❞✉❝t♦ ❝✉②♦
✈♦❧✉♠❡♥ ❞❡ ♣r♦❞✉❝❝✐ó♥ ♣❧❛♥✐✜❝❛❞♦ ❡s ♠❡♥♦r ❛❧ ❧♦t❡ ♠í♥✐♠♦ ❞❡✜♥✐❞♦ ♣❛r❛ ❞✐❝❤❛
❢❛♠✐❧✐❛✳ ❉❡ ♠❛♥❡r❛ ❝♦♠♣❧❡♠❡♥t❛r✐❛✱ ❧❛ ❋✐❣✉r❛ ✼❜ ❞❡t❛❧❧❛ ❧❛ ♠❛❣♥✐t✉❞ ♦ ❣r❛✈❡❞❛❞
❞❡ ❞✐❝❤♦s ✐♥❝✉♠♣❧✐♠✐❡♥t♦s✱ r❡✢❡❥❛♥❞♦ ❧❛s t♦♥❡❧❛❞❛s ❞❡ ♣r♦❞✉❝t♦ ❡♥ q✉❡ ❧❛s ❢❛♠✐✲
❧✐❛s ✐♥❝✉♠♣❧❡♥ ❝♦♥ s✉ r❡s♣❡❝t✐✈♦ ❧♦t❡ ♠í♥✐♠♦ ❞❡ ♣r♦❞✉❝❝✐ó♥✳ ❈❛❜❡ ❛❝❧❛r❛r q✉❡
❞✐❝❤♦s ✐♥❝✉♠♣❧✐♠✐❡♥t♦s ❞❡r✐✈❛♥ ❡♥ ♠❛②♦r❡s ❝♦st♦s ♣r♦❞✉❝t✐✈♦s✱ ♣❡r♦ ♥♦ ✐♠♣❧✐❝❛♥
♥❡❝❡s❛r✐❛♠❡♥t❡ ✉♥❛ ✐♥✈✐❛❜✐❧✐❞❛❞ ❞❡ ❧❛ ♣❧❛♥✐✜❝❛❝✐ó♥✳

P♦r ♦tr♦ ❧❛❞♦✱ ❧❛ ♠❡t♦❞♦❧♦❣í❛ ♣r♦♣✉❡st❛✱ ❛❧ ❝♦♥s✐❞❡r❛r ✉♥❛ r❡str✐❝❝✐ó♥ ♣❛r❛
❡st❡ ✜♥✱ ❧♦❣r❛ ♠❛♥t❡♥❡r ❧♦s ✈♦❧ú♠❡♥❡s ❞❡ ♣r♦❞✉❝❝✐ó♥ ♣♦r ❢❛♠✐❧✐❛ ♣♦r ❡♥❝✐♠❛
❞❡ s✉ r❡s♣❡❝t✐✈♦ ❧♦t❡ ♠í♥✐♠♦ ❛ ❧♦ ❧❛r❣♦ ❞❡ t♦❞♦ ❡❧ ❤♦r✐③♦♥t❡ ❞❡ ♣❧❛♥✐✜❝❛❝✐ó♥✱
❝✉♠♣❧✐❡♥❞♦ ❡♥t♦♥❝❡s ❞❡ ♠❛♥❡r❛ ❡str✐❝t❛ ❝♦♥ ❞✐❝❤❛ ♣♦❧ít✐❝❛✳
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✭❛✮ ❈❛♥t✐❞❛❞ ❞❡ ✐♥❝✉♠♣❧✐♠✐❡♥t♦s✳

✭❜✮ ❱♦❧✉♠❡♥ ❞❡ ✐♥❝✉♠♣❧✐♠✐❡♥t♦s ❬t♥❪✳

❋✐❣✉r❛ ✼✿ ■♥❝✉♠♣❧✐♠✐❡♥t♦s ❞❡ ❧♦t❡ ♠í♥✐♠♦ ✲ ▼ét♦❞♦ ❱✐❣❡♥t❡✳
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❈♦❜❡rt✉r❛s✳ ❙❡ ❡✈❛❧ú❛ ❡❧ ❣r❛❞♦ ❞❡ ❝✉♠♣❧✐♠✐❡♥t♦ ❞❡ ❧♦s ♦❜❥❡t✐✈♦s ♣❡rs❡❣✉✐❞♦s
❛s♦❝✐❛❞♦s ❛ ❧♦s ♥✐✈❡❧❡s ❞❡ ✏❝♦❜❡rt✉r❛✑ r❡s✉❧t❛♥t❡s✳ ❊s♣❡❝í✜❝❛♠❡♥t❡✱ s❡ ❝♦♥t❛❜✐❧✐③❛
❧❛ ❝❛♥t✐❞❛❞ ❞❡ ♣r♦❞✉❝t♦s ❝♦♥ ♥✐✈❡❧❡s ❞❡ ❝♦❜❡rt✉r❛ ♣♦r ❞❡❜❛❥♦ ② ♣♦r ❡♥❝✐♠❛ ❞❡ ❧♦s
❧✐♠✐t❡s ❞❡ ✏q✉✐❡❜r❡✑ ② ✏♠í♥✐♠♦s✑✳ ❈♦♠♦ ♣✉❡❞❡ ♦❜s❡r✈❛rs❡ ❡♥ ❧❛s ❋✐❣✉r❛ ✽✱ ❡❧ ♠é✲

❋✐❣✉r❛ ✽✿ ❘❡s✉♠❡♥ ❞❡ ❝♦❜❡rt✉r❛s ❞❡ ♣r♦❞✉❝t♦s✳

t♦❞♦ ♣r♦♣✉❡st♦ ❣❡♥❡r❛ ✉♥❛ s♦❧✉❝✐ó♥ ❞❡ ♠❛②♦r ❝❛❧✐❞❛❞✱ ❡❧✐♠✐♥❛♥❞♦ ♣♦r ❝♦♠♣❧❡t♦
❧❛s s✐t✉❛❝✐♦♥❡s ❝rít✐❝❛s ❞❡ ♣r♦❞✉❝t♦s ✏q✉❡❜r❛❞♦s✑✱ ♠✐♥✐♠✐③❛♥❞♦ ❧❛s s✐t✉❛❝✐♦♥❡s ♥♦
❞❡s❡❛❜❧❡s ❞❡ ❝♦❜❡rt✉r❛s ♣♦r ❡♥❝✐♠❛ ❞❡❧ ♥✐✈❡❧ ❞❡ q✉✐❡❜r❡✱ ♣❡r♦ ❛ú♥ ♣♦r ❞❡❜❛❥♦ ❞❡❧
♠í♥✐♠♦ ❞❡s❡❛❜❧❡ ②✱ ❝♦♥s❡❝✉❡♥t❡♠❡♥t❡✱ ♠❛①✐♠✐③❛♥❞♦ ❧♦s ❝❛s♦s ❞❡ ♣r♦❞✉❝t♦s ❝♦♥
❝♦❜❡rt✉r❛s ó♣t✐♠❛s✱ ♣♦r ❡♥❝✐♠❛ ❞❡❧ ♥✐✈❡❧ ♠í♥✐♠♦ ❞❡s❡❛❜❧❡✱ t❛♥t♦ ♣❛r❛ ♣r♦❞✉❝t♦s
❝♦♥✈❡♥❝✐♦♥❛❧❡s ❝♦♠♦ ♣❛r❛ ♣r♦❞✉❝t♦s ✏❞r✐✈❡rs✑ ❞❡ ♣r✐♥❝✐♣❛❧ ♣r✐♦r✐❞❛❞✳

❚✐❡♠♣♦s ❞❡ ❘❡s♦❧✉❝✐ó♥✳ ❊♥ ❧❛ ❚❛❜❧❛ ✷ s❡ ❝♦♥tr❛st❛♥ ❧♦s t✐❡♠♣♦s ❞❡ r❡s♦❧✉❝✐ó♥
✐♥s✉♠✐❞♦s ♣♦r ❝❛❞❛ ♠❡t♦❞♦❧♦❣í❛ ❞❡ ♣❧❛♥✐✜❝❛❝✐ó♥ ❝♦♥s✐❞❡r❛❞❛✳ ▲❛ ♠❡t♦❞♦❧♦❣í❛
❞❡ ❞❡s❝♦♠♣♦s✐❝✐ó♥ ♣r♦♣✉❡st❛ ♣❡r♠✐t❡ r❡s♦❧✈❡r ❡♥ ❢♦r♠❛ ❛✉t♦♠❛t✐③❛❞❛ ② ❡✜❝✐❡♥t❡
❡❧ ♣r♦❜❧❡♠❛ ❡st✉❞✐❛❞♦✱ ❝♦♥s✐❞❡r❛♥❞♦ ✉♥ t✐❡♠♣♦ ❧í♠✐t❡ ♠❡♥♦r ❛❧ t✐❡♠♣♦ ❤❛❜✐t✉❛❧✲
♠❡♥t❡ r❡q✉❡r✐❞♦ ♣♦r ❡❧ ♠ét♦❞♦ ✈✐❣❡♥t❡✳

❚❛❜❧❛ ✷✿ ❚✐❡♠♣♦s ❞❡ ❝ó♠♣✉t♦✳
▼ét♦❞♦ ❞❡ P❧❛♥✐✜❝❛❝✐ó♥ ❚✐❡♠♣♦ ■♥s✉♠✐❞♦

▼ét♦❞♦ ❱✐❣❡♥t❡ ✷✽✽✵✵ s❡❣✳ ❂ ✹✽✵ ♠✐♥✳ ❂ ✽ ❤✳

▼ét♦❞♦ Pr♦♣✉❡st♦ ✶✻✹✾ s❡❣✳ ≃ ✷✽ ♠✐♥
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✻ ❈♦♥❝❧✉s✐♦♥❡s

❊♥ ❡st❡ tr❛❜❛❥♦ s❡ ♣r❡s❡♥tó ✉♥ ❡♥❢♦q✉❡ ▼■▲P ❡♥ ❝♦♠❜✐♥❛❝✐ó♥ ❝♦♥ ✉♥ ❛❧❣♦r✐t♠♦
❞❡ ❍♦r✐③♦♥t❡ ❘♦❞❛♥t❡ ♣❛r❛ ❛❜♦r❞❛r ❡❧ ♣r♦❝❡s♦ ❞❡ Pr♦❣r❛♠❛❝✐ó♥ ▼❛❡str❛ ❞❡ ❧❛
Pr♦❞✉❝❝✐ó♥ ❡♥ ❧❛ ✐♥❞✉str✐❛ ❞❡ ❛❧✐♠❡♥t♦s ♣❛r❛ ♠❛s❝♦t❛s✳ ❊❧ ♣r♦❜❧❡♠❛ r❡q✉✐❡r❡ ❞❡✲
t❡r♠✐♥❛r ❧♦s ✈♦❧ú♠❡♥❡s ❞❡ ♣r♦❞✉❝❝✐ó♥ ❛sí ❝♦♠♦ ❛s✐❣♥❛r ❧❛s ❢❛♠✐❧✐❛s ❞❡ ♣r♦❞✉❝t♦s
❛ ❧❛s ❞✐st✐♥t❛s ❧í♥❡❛s ❞❡ ♣r♦❞✉❝❝✐ó♥✱ ❛ ❧♦ ❧❛r❣♦ ❞❡ t♦❞❛s ❧❛s s❡♠❛♥❛s ❞❡❧ ❤♦r✐③♦♥t❡
❞❡ ♣❧❛♥✐✜❝❛❝✐ó♥✳ ❆ ♣❡s❛r ❞❡ ❧❛ ❡❧❡✈❛❞❛ ❝♦♠♣❧❡❥✐❞❛❞ ❝♦♠❜✐♥❛t♦r✐❛ ❞❡❧ ♣r♦❜❧❡♠❛✱
s❡ ❞❡♠♦stró q✉❡ ❧❛ ♠❡t♦❞♦❧♦❣í❛ ❞❡ ❞❡s❝♦♠♣♦s✐❝✐ó♥ ♣r❡s❡♥t❛❞❛ r❡s✉❡❧✈❡ ✐♥st❛♥❝✐❛s
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